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LOI NOI DAU

Bai toan ngudc cho phuong trinh dao ham riéng thuong xuyén xuat hién trong nhiéu
linh vuc khac nhau ctia c6ng nghé, vit ly, sinh hoc,... D6 la nhiing bai toan khi cac d
kién clia qua trinh vat ly khéng do dac dugc truc tiép ma ta phai xac dinh ching ti
nhiing dit kién do dac gian tiép. Chiing t6i dé cip t6i phuong trinh parabolic ngudc thoi
gian. D6 12 bai toan tim nghiém (ham phan bd nhiét d6, mat dé dan sé,...) khi diéu kién
tai thoi diém ban dau khong dudc biét ma ta phai xac dinh né khi biét diéu kién tai thoi
diém cubi (d6 1a Iy do tai sao bai toan nay dudc goi 1a ngudc thdi gian). Theo chiing t6i
dudc biét, s6 lugng cong trinh vé bai toan ngudc cho phuong trinh parabolic 1a rat 16n
va dudc cong bb trén cac tap chi uy tin clia cac nha xuat ban 16n nhu: Springer, Elsevier,
IOP science, Taylor Francis... Tuy nhién cac két qua nay thuong tip trung nghién ciiu
cac bai toan v6i ham nguon thuan nhét hoic tuyén tinh. Cac két qua vé ham nguon phi
tuyén con rat hiém va chua dudc nghién cttu ti mi. Trong ludn an nay, ching téi sé tap
trung trinh bay ba chti dé chinh vé bai toan parabolic ngudc thdoi gian phi tuyén. Chi
dé 1, xét bai toan parabolic ngudc thdi gian phi tuyén v6i hé s6 hang. Chii dé 2, xét bai
toan parabolic ngugc thdi gian phi tuyén véi hé s6 phi dia phuong. Chii dé 3, xét bai
toan parabolic ngudc thdi gian phi tuyén v6i hé s phi tuyén.

Bai to4n parabolic thuan c6 rat nhiéu dang nghién ciiu khac nhau (dang diéu nghiém,
tinh né, tinh tat dan,...), nhung véi cac Chii dé 1, Chii dé 2 va Chu dé 3, chiing t6i tap
trung nghién ctu vé su khong chinh ctia cc loai bai toan nay. Bai toan khong chinh
theo nghia ctia Hadamard, nghia 12 it nh4t mot trong ba trudng hop sau xay ra:

i) Bai toan khong c6 nghiém;
ii) Bai toan c6 nghiém nhung nghiém khong duy nhét;

iii) Bai todn c6 nghiém nhung nghiém khong 6n dinh.

Viéc nghién ctiu cac bai toan ngugc khong chinh bat nguon tit thuc té. That vay, trong
cac vu héa hoan, chiing ta khong thé nao do dudc nhiét do tai thoi diém bat dau chay
hoic nhiét do trong lic dang chay (# > 0) ma ta chi xac dinh dudc nhiét do tai thoi diém
sau dé (1, > f). Cling tuong tu, trong sinh hoc, viéc xac dinh mat dé cé thé clia mot loai
sinh vét tai thoi diém trong qua kht 1a van dé quan tAm clia cac nha sinh vat hoc. Tuy

nhién, viéc khao sat nay rat kho khin, ching ta chi biét dugc mat do cd thé tai thoi diém



lic quan sat. Trong thuc té, chiing ta khong thé nao do dac dit liéu mot cach chinh xac,
nghia 1 su do dac phai c6 sai s6 (do yéu t6 ngoai canh hay dung cu do dac). Khi c6 sai
s6 di1 12 rat nho chia dit liéu tai thoi diém cudi, sé xay ra su chénh léch rat 16n 6 nghiém
tai thoi diém ban dau. Théng thuong khi do dac cac dit liéu, thi thudng it khi nhan dudc
dit liéu chinh xac, ma 1a nhan dugc di liéu tuong dbi gan véi dit liéu chinh xdc ma théi.
Diéu nay giy rat nhiéu kho khin trong viéc tinh toan s6 liéu. Vi thé, nhiém vu chinh dé
khao st cac bai toan 1a dua ra bai toan chinh héa, ttic 1a bai toan xap xi clia cac bai toan

N

nay.

Dud6i day, 12 su gi6i thiéu mot s6 nét tong quan vé nhiing noi dung trong luan an.
Noi dung tha nhat, dugc trinh bay 6 Chuong 2, lién quan dén bai toan parabolic ngudc
thoi gian phi tuyén vé6i hé s6 hang trong khong gian Hilbert

us+Au=F(t;u(t)), te€(©,1),
(0.1)

u(T) =¢,
vGi Ala toan ti duong, tu lién hgp, khéng bi chadn trong H va ¢ € H cho trudc.

Nam 1967, Lattes va Lions, dua ra phuong phadp tua ddo (Quasi-reversibility method
(QR)) dé chinh hoéa bai toan thuan nhéat cia bai toan (0.1). Céc tac gia xap xi A béi toan
tlt A = A—¢e A%, dan dén bai toan chinh sau

ur+(A—eA®u=0, te(0,7),
(0.3)

u(T) = ¢.
Bac 6n dinh ctia phuong phap nay 1 e:. Do d6, bac 6n dinh nay kha l6n.

Nim 1975, R.E. Showalter ciing dung phuiong phdp (QR) v6i A° = A(I+eA)~}, £ >0, dé

dua ra bai toan xap xi sau

u;+Au+eAu,=0, te(0,71),
(0.4)

u(T) = ¢.
Uu diém clia phuong phéap nay 6 ché A(I+¢A)~! 1a toan t{i tuyén tinh bi chin. Diéu nay
dan dén tinh dit chinh clia bai toan, Hon nita, phuong phap nay cho nghiém xap xi tot
hon phuong phap ctia Lattes va Lions.

Nim 1973, K. Miller phat trién ¥ tuéng clia Lattes va Lions, dua ra phuong phdp on

dinh tua ddo (Stabilized quasi-reversibility (SQR)). Cac tac gia xét bai toan xap xi sau

ur+RAu=0, te(0,1),
(0.5)

u(T) =,



& day R(A) xap xi A néu Ala s6 duong bé va R(A) bi chan trén khi A 1a s6 duong 16n. Cé

2 A N A S 2 ~ 2 ~ ? N
thé thay R(A) = A—eA? va R(A) = oA la tong quat cua toan tu A¢ trong (0.3) va (0.4)
€

tuong tng.

Nam 1983, Showalter dua ra phuong phap méi goi la phuong phap tua gia tri bién
(Quasi boundary value (QBV)) dé chinh héa bai toan thuan nhét. Y tuéng ctia phuong
phéap (QBV) l1a thay d6i gi4 tri bién thoi gian

u(T)+eu(0) = .

Phuong phap (QBV) té ra rat hiéu qua trong viéc chinh héa céc bai toan ngugc thuan

nhét.

Niam 2013, PGS.TS. Nguyén Huy Tuan, dung phuong phdp chdt cut chudi Fourier dé
chinh héa bai toan (0.1), tac gia dua ra sai s6 hoi tu du6i dang bac Holder va can diéu
kién tién nghiém (a priori) c6 dang sau

sup i M (u(n), ) < oo, (0.6)
te[0,T] n=1
diéu kién nay ciing xuat hién trong cac céng trinh ctia nhém nghién ctu ctia GS.TS.

bang Dtic Trong.

Nhu da phan tich, c6 rat nhiéu két qua nghién ctiu bai toan dudgc dang trén cac
tap chi khoa hoc cé uy tin. Tuy nhién, méot sb6 két qua truéc day can cac diéu kién tién
nghiém kh4 manh (dién hinh nhu (0.6)). C4c diéu kién nay lam gi6i han cac 16p ham
thda man bai toan. Nhu mot su tiép nbi va mé rong cac két qua néu trén, ching toi xét
bai toan va dua ra hai phuong phdp chdt cut chudi Fourier méi dé xap xi nghiém
bai toan. Két qua dat dugc 1a cac diéu kién tién nghiém thudc cac khong gian ham don
gidn hon so véi cac két qua trude dé. Két qua trén day dudc cong bb trong [Al].

N6i dung thit hai, dudc trinh bay 6 Chuong 3, lién quan dén bai todn parabolic ngugc
thoi gian phi tuyén véi hé s phi dia phuong

ut:a(f f X u(x, t)dx)Au+F(x,t;u(x, 1)), (x,0eQx(0,1),
Q

o

9o, (x,1) €0Q % (0, T), 0.7)
ov

ulx, T)=px), xeQ,

trong dé, Q = R” la tdp md, bi chan véi bién tron 6Q va v la vecto don vi trén 0Q, ham
¢ € [2(Q) 1a dit liéu cho trudc tai thoi diém cubi r = T.

Bai toan (0.7) xuat hién trong cic mé hinh (ing dung trong cac hién tugng vat ly, héa

hoc nhu mé hinh truyén nhiét trong chét ran véi hé s6 dan nhiét bién thién theo thoi
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gian hay su khuéch tan ctia cdc phan ting héa hoc trong qua trinh 4n mon vat liéu. Dac
biét, trong sinh hoc bai toan nay biéu thi mat do ca thé clia mot loai sinh vat trong tu
nhién tai thoi diém ¢ va vi tri x noi loai sinh vat ay sinh s6ng.

Nam 2009, GS.TS. Dang Dtic Trong va cac dong tac gia da nghién ctiu bai toan (0.7)
v6i hé sb a = 1 bang phuong phdp phuong trinh tich phdn (method of integral equation).

Gan day nhat, nam 2016, PGS.TS. Nguyén Huy Tuin va dong tac gia da nghién ciiu
bai toan (0.7) v6i hé sb a = a(r) € C([0, T]). Dung tinh chat clia nita nhém cac toan ti, cac

tac gia da dua ra nghiém xap xi va bac 6n dinh theo bac Holder 2/7.

Tiép nbi cac két qua néu trén, ching toi thay rang bai toan v6i hé s6 a phu thudc
theo bién thoi gian ¢ va nghiém u, tic 1 a = a(t, u) 12 chua dudc nghién ctu nhiéu. Vi
vay, chiing t6i quan tam khao sat bai toan dang (0.7). Két qua trén day dugc cong bd
trong [A2].

Noi dung cubi cung, dudc trinh bay 6 Chuong 4, lién quan dén bai toan parabolic ngugc
thoi gian phi tuyén véi hé sb phi tuyén

u;—V- (a(x, Lu(x, t))Vu) =F(x, t;ulx 1), (xt)eQx(0,T1),
u(x,t) =0, (x,8) €0Q % (0,T), (0.8)

u(x, T) = p(x), xeQ,
trong d6 ¢ € L?(Q) cho trudc.

C6 thé thay rang cac bai toan (0.1) va v6i hé s6 a =1 va a(t; u) theo thi tu, 1a
truong hop don gian ctia bai toan (0.8). D6i véi bai toan (0.8), ching ta khé c6 thé
chuyén bai toan vé phuong trinh tich phan dé ap dung cac phuong phap chinh héa
truc tiép trén dang nghiém. Do d6, can mot phuong phép chinh hoa that su hiéu qua dé
ap dung cho bai toan nay. K&t qua trén day dudc cong bb trong [A3]. M4 rong bai toan
(0.8), chiing t6i xét hé m-phuong trinh parabolic phi tuyén véi a := a(x, ) va dudc cong
bd trong [A4]. Két qua mé rong tiép theo ctia bai toan (0.8) véi a := a(x, t; u; Vi) dudc
cong bo trong [A5].

Luan an dugc chia lam 04 chuong.

Chuong 1: Nhic lai mot sé kién thiic vé giai tich ham, giai tich thurc, khai niém bai toan

khoéng chinh, van de chinh héa va mot so ket qua can bieét.

Chuong 2: Trinh bay bai todn parabolic ngudc thai gian véi hé s6 hing trong khong gian
Hilbert. Ap dung phuong phdp chdt cut chudi Fourier mdi dé chinh héa bai toan (0.1).
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Muc dich ciia chiing t6i 1a gidm di cac diéu kién clia nghiém chinh xac va hé s6 Lipschitz

so véi cac két qua truée dé.

Chuong 3: Bai toan ngudc thdi gian cho phuong trinh parabolic phi tuyén véi hé sé phi
dia phuong. Dung phuong phdp (QR) dé chinh héa bai toan (0.7). Chuong nay xét ham

nguodn F thoa diéu kién Lipschitz toan cuc va Lipschitz dia phuong.

Chuong 4: Bai toan parabolic ngugc thdi gian phi tuyén véi hé s6 phi tuyén. Noi dung
chuong nay trinh bay phuong phdp chinh héa (QR) c6 diéu chinh dé thiét 1ap sai s6 hoi
tu. Chiing t6i cling xét ham nguon F thoa ca hai diéu kién Lipschitz toan cuc va Lipschitz
dia phuong.



Chuong 1

KIEN THUC CHUAN BI

No6i dung chuong nay nhéc lai mot sb kién thiic vé giai tich ham, giai tich thuc, khai

niém bai toan khéng chinh, van de chinh héa va mét so ket qua can bieét.



Chuong 2

BAI TOAN PARABOLIC PHI TUYEN VOI HE SO HANG

Cho H 1a khong gian Hilbert v6i chuan | - || va tich vé huéng (-), xét bai toan sau

ur+Au=F(t;u(t)), te(0,7),
2.1)
u(T) =g,

vGi ¢ € H, Ala toan t tu lién hgp duong, khéng bi chidn xac dinh trén mot khong gian
con ctia khong gian Hilbert H sao cho A~! toan tt compact. Gia stt A c6 mdt cd s6 gom
cac vecto riéng truc chuan {¢,},=1 trong H tuong Gng v6i cac gia tri riéng {,},=1. Him

nguodn F: [0, T] x H — H théa man diéu kién Lipschitz toan cuc, nghia la
IF(t;w) = F(t; v)ll < Kllu—vl, (2.2)
v6i K > 0 khong phu thudc vao ¢, u, v.
Trong chuong nay, chiing t6i dua ra phuong phdp chinh héa chdt cut chudi Fourier
mdi dé nhan sai s hoi tu véi diéu kién clia nghiém chinh xac u théa man

lu©)lgr <E, VOir, E>D0, (2.3)

lu(Hly<E, v6iE>DO0. (2.4)

Chuong nay tong hgp cac két qua dudc chiing t6i cong bb trén tap chi Acta Applicandae
Mathematicae (SCI, Q2) [Al].

2.1 Két qua chinh héa thit nhét

Trong phan nay, ta gia stt KT < 1, chuing tdi phat trién mot phuong phdp chét cut méi
(new truncation method) v6i nghiém chinh héa dugc cho nhu sau

u'(= ),

Apn<M;

t
+ Y [ f e“‘f“"Fn(uf)(s)ds](pn, (2.5)
0

An>M;

T
e(T_t)/ln(pfl _f e(s—t))lnFn(ue)(s)dS](Pn
t



trong d6, M, > 0 th6a man lim M, = +o0 va ditliéu nhiéu ¢f € H théa man
£— +

o —o| <e. (2.6)

Pinhli 2.1.1. Gid st ham nguén F théa man diéu kién Lipschitz toan cuc 2.2) v6i K < .
Khi dé, bai todn (25) c¢6 duy nhat nghiém uf € C([0, T1; H). Gid st rang bai todn @2.) co
duy nhdt nghiém u e C((0, T); H) n C((0, T);H") théa man diéu kién

lu©) |y <E, vdir, E>D0. (2.7)
thi ta co ddnh gid sai s6 sau
luf(8) = u(®)ll < Py Pa(e) e, Vrelo, 7], (2.8)

trong do

2(1+§) )
P = , 0<g< -1,
"N 1-a+gK2T? 1= %272

Py(e)=e™ee+ MITE,

vGi M, > 0 duioc chon théa man: lim M;' = lim e’™ee = 0.

e—0" e—0"
Hé qua 2.1.2. Ta chon M, = ﬁlog(%) vii a >0 thi
e _a 1 1\ o
lu®(t) — u(t)|| < P; |eT+a + log| - E| eT+«, Vtel0,T]. (2.9)
T+a £

Chiiy2.1.3. Dieu kién KT < 1 lam han ché I6p ham nguon F théa man. Trong phan sau,
chiing toi dua ra phuong phdp khdc ma khong can dieu kién KT < 1.

2.2 Két qua chinh héa thi hai

Trong phan nay, chiing ti dua ra phuong phap chinh héa véi K > 0 bat ky. Ta duara
nghiém chinh héa nhu sau:

T,
V%(,g,)rp(g)(t): Y e(Tp—t)/ln<9’(Pn>_ft Pe(s—tmnpn (V%f)Tp(G)) (s)ds] bn

An<a(e)

+
An>a(e)

t
(s—HA, a(g)
fT,, e, (Ve ©)) (s)ds] b, (2.10)

VOi0<T,<t=<T,<TvabeC(Ty Tpl;H). O day, a(e) > 0 thoa liI(I)l a(e) = +oo.
e—0+

Két qua ctia phan nay dudc thé hién trong dinh Ii sau.



Pinh i 2.2.1. Choddy s6{T;}, i =0,1,...2m théa man
To=0<T1=hT<T,=2hT<..<Tom=2mhT =T, (2.11)
trong do h = . Ta ki hi¢u

ai(e) = Lln(l),

T22m—k e 4 .
m | 1 voimoi 2<k<2m. (2.12)
ay(e) = Tozm—1 n(g),

Nghiém chinh hoa U¢(t) dudc dinh nghia nhu sau (i =0,2m—2)

U@ =V (U (Tom-)) (1), 1éU  Tomio1 <0< Tomoi, 213

Ue(n) = V3D e () (1), néu 0<t<T.
Néu chon m € N* sao cho

K(T,-Tp) <1=>2KhT<1=KT <m, (2.14)

thi bai todn (2.10) c6 nghiém duy nhétV‘}if)Tp 6) € C([Ty, Tpl; H). Gid st rdng bai todn 2.1)

c6 nghiém yéu u e C((0, T); H) théa man
lu®)lgy<E, 0<t<T, E>O. (2.15)
Khi do, ta cé ddanh gid sai so

V(1) - u(D)] < @m - K02k (m, K, q)(1 + B)eZ"F,  te [Ty, Tesr),
[ u(n)|l m m, K, q € o Th+1 (2.16)

10 (1) - u(n)| < m®*"(m, K, q)(1 +F)£22T”t‘1, te0,Thl,

m,/2(1+§) -
m-TK\/1+q '

v6i q la s6 thuc bat ky théa man 0< q < 2> — 1.

trongdok=1,2m-1

o(m,K,q) =

2.3 Kétluan Chuong 2

Trong chuong 2, dung phuong phép chinh héa chit cut chudi Fourier méi cho phuong
trinh dé dua ra hai dang nghiém chinh héa (céng thiic va (2.10)). - Stt dung
nghiém chinh héa dugc cho trong dé dat dugdc két qua la:

+ Nghiém u thudc khong gian Hilbert scale va thoa diéu kién 2.7).
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+Danh gid sai s6 (Dinh li .

- Stt dung nghiém chinh héa dudc cho trong (2.10) ta thu dudc két qua la:
+ Giam diéu kién Lipschitz théa v6i moi K > 0 bat ky.

+ Nghiém u chi can thudc khong gian Hilbert va thoa diéu kién @.15).
+Dénh gia sai s6 (Dinh 1i .
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Chuong 3

BAI TOAN PARABOLIC PHI TUYEN VGI HE SO PHI PIA PHUONG

Trong chuong nay, chung t6i xét bai toan sau

ut:a(f f(x)u(x,t)dx)Au+F(x,t;u(x,t)), (x,)eQx(0,T),
Q

ou

oo, (x,1) €0Q x(0,T),
0o

u(x, T) = (), x €0,

(3.1

trong d6, Q c R 13 tdp md, bi chiin véi bién tron 4Q va o 1 vecto phap tuyén don vi trén

bién 0Q, ham ¢ € 12(Q) 1a dt liéu cho truéc tai thoi diém cudi ¢ = T.

Chuong nay tong hop cac két qua dugc ching t6i cong bé trén tap chi Inverse Prob-

lems (SCI, Q1) [A2].

3.1 Mot so gia thiet va ket qua can co

Trong toan bd chuong nay, ta ki hiéu || - || va ¢,-) lan luot 1a chuin va tich vo huéng

trong khong gian L?(Q). Ta thanh lap céc gia thiét sau:
(H;) Him s6 a: z— a(z) 1a ham s6 duong va lién tuc véi bién zeR;
(H,) Ton tai cac s6 duong M; va M, sao cho
My <a(z)<M,, Vv6imoizeR;

(H3) Ton tai hang s6 duong L théa man:

la(z1) —a(z2)| < L|z1 —zp|, vO6imoizy,z eR;
(Hy) Hamso f e L2 (Q);
(Hs) Ditliéu cho trudc ¢ € L2 (Q) va bi nhiéu béi ¢¢ € I? () théa man:

[¢°—o| <e e>o0.

Dé thuan tién, ta ki hiéu

If,w(t):ff(x)w(x,t)dx, VOi f € L?(Q), w € C([0, T1; L* ().
Q
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3.2 Két qua chinh héa bai todn thuan nhat

Ta xét bai toan thuan nhét ctia bai toan (3.1) nhu sau:

ur=a(lru(0)Au, (x,0)€Qx(0,T),

a_u =0, (x,)e0Qx(0,7T), (3.2)
oo
ulx, T) =g, x €.

Nghiém ctia bai toan (3.2) dudc cho bdi phuong trinh tich phan sau

o0

ulx, =)y

n=1
Nhu chiing ta da biét, bai todn la bai toan khong chinh theo nghia ciia Hadamard.
Vi vy ta can mot phuong phap phit hgp dé chinh héa bai toan nay.
B Phuong phap chinh hoa Quasi-reversibility (QR)
V6i B := B(e) > 0, dung phuong phdp Quasi-reversibility (QR) ta dua ra bai toan chinh
héa cua bai toan nhu sau:

T
exp ()Lnf a(If,u(s))ds) (pn] Pn(x). 3.3)
t

ut = a(Ifue(0) Auf + Ba(If e (D) Aus, (x,0)€Qx(0,T),

£

(x,0) =0, (x,) €0 x(0,T), (3.4)
ov

ut (x, T) = ¢ (x), xeQ.

Nghiém ctia bai toan (3.4) dugc cho béi phuong trinh sau

o T a(Ipu(s)An
¢ , L :2 f . d ¢ ’ 3.5
e n=1 eXp( t 1+ Ba(lfu(s))An S)(p”}%m (9.5)

trong d6 ¢¢, = (¢ (x), P (x)).
Pinh li 3.2.1. Néu (Hy) — (Hs) théa thi bai todn B4) cé nghiém u® € C ([0, T1; L (Q)). Gid
SU @ € Gy, 22 Va chon B:= B (e) >0 sao cho
lim e%s = lim f=0. (3.6)
e—0% e—0*
Gid st nghiém u ctia bai todn (3:2) thoa u € C([0, T1; L* (Q)) nL* (0, T; H* (). Khi do, ta co
ddnh gid sai s6 sau
T
|uf ¢, )= ut, 0] < V3(eF e+ MBTBNul oo vy € £€10,T), 3.7)
L 3 2 2
voi Py = S T2 | £ "¢, -
Neu chon 8:= B(e) > 0 thoa

fp=—7 voiwe (0,1), (3.8)



thi 3.7) tro thanh

MZT?
g )

3.3 Két qua chinh héa bai todn phi tuyén

JueC,0-ut, 0l =v3[e”+ el oo (0, 7;118cy) | €7 £ €10, T (3.9)

V6i B := B(e) > 0, st dung phuong phdp Quasi-reversibility (QR), ta xét ra bai toan
chinh héa cuaa bai toan (3.1) c¢6 dang sau

ul+a(lpue(D)A°uf =F(x, ;uf(x, 1), (x,0)eQx(0,T),

out
P (x,1) =0, (x,1) €0Q x(0,T), (3.10)
uf (x, T) = ¢ (x), xeQ,

vGi toan ti A® dugc dinh nghia nhu sau:

Awx, ) =Y Awy (1) pn(x), VO wy (D)= (w(x,1),dn(x)), (3.11)
n=1
va
e 1 Mo T2, ._
An__Mleog(me 2T, Bi=ple)>0. (3.12)

Nghiém ctia bai toan (3.10) dudc biéu dién béi phuong trinh tich phan sau:

T
exp (AZ[ a(Ifue(s)) ds) ¥s,
t

(o]

ut(x, )=y

n=1

00 T s
- f exp (Aflf a(If,us(r))dr) Fp (uf) (s)ds] $n (%), (3.13)
n=1LJ¢ r

VOi @8 = (p°, (X)), Fp (uf) (s) = (F(x, 85U (x,5)),dn(x)).

(Pn(x)

Trong muc nay, ching t6i xét ca hai trudng hgp clia hAm nguoén F thoa diéu kién

Lipschitz toan cuc va diéu kién Lipschitz dia phuong.

3.3.1 Truong hop ham nguon théa diéu kién Lipschitz toan cuc
Ham ngudn F: Q x [0, T] x R — R théa diéu kién Lipschitz toan cuc, nghia la ton tai
K>0doclap v6iu,veR, e [0,T] sao cho
|F(x,t;u)— F(x, t;v)| < Klu-v|. (3.14)
V6i := B(e) € (0,1) va w e C([0, T1; L? (), ta dinh nghia
lwlpeo = sup (BT lwC, B)l).
0=(=T

Nhan xét rang | w ¢, )l < | wll g eo-

13



Céc két qua chinh

Pinh li 3.3.1. Cho ¢° € I2(Q), gid st rang (H,) - (Hs) théa va ham F théa diéu kién Lips-
chitz toan cuc (3:14). Khi do, bai todan (3:10) ¢6 nghiém u® € C* ([0, T1; L* ().

Pinh li 3.3.2. Gid sii rdang (Hy) - (Hs) va ham F thoa diéu kién B.14). Khi do, bai todn
c6 nhiéu nhat mét nghiém thudc vao C* ([0, T); L* (Q)).

Pinh i 3.3.3. Gid sii (H,)- (Hs) théa va ham F théa diéu kién B.14), gid sii rang nghiém u
ctia bai todn thudc vao C'([0, T1; L2(Q)) n C([0, T1;Gs,1:2)- Chon := B(e) € (0,1) thoa

man

lim+ p=0,

0 (3.15)
lim — =0.

e—0" ,3

Khi dé ta c6 ddnh gid sai s6 gitia nghiém chinh héa u® ctia bai todn @B.10) va nghiém

chinh xdc u cua bai toan (3.1) nhu sau
u ¢, 0)—ut, 0| < Ps P T-96T, e (0,T). (3.16)

Hon nua, ton tai t° € (0, T) sao cholim_y+ t° =0, ta co

_ T
1,9 = ut, 0l < (Po "0+ ludll oo ) . (3.17)
log(3)
. ) . o 106y, 7o)
v6i Pr:= K+ 3+ 1z | F 1l oo, rygu,re) >0 Poi=f+——57— >0,

3.3.2 Trudng hop ham nguon théa diéu kién Lipschitz dia phuong

Trong muc nay, ta xét ham nguén F:Qx[0,T] xR — R théa diéu kién Lipschitz dia

phuong, nghia 13, v6i méi B > 0, ton tai hang s6 K(B) > 0 sao cho
|F(x, t; u) - F(x, t; v)|| = K(B)|u—vl, (3.18)

v6i moi u, v € R sao cho |u| < B,|u| < B.
Cho B >0, ta xét ham %3 dinh nghia béi

F(x,t;B), u>BhB,
Fpx,t;u) =1 F(x,t;u), -B<u<B, (3.19)

F(x,t;—B), u<-B.

14



Ta chinh hda bai toan (3.1) bdi bai toan sau:

S + a(Ifue (D) AU = Fpe (x, Ul (x, 1), (x5, €Qx(0,T),

£

ov
uf (x, T) = ¢ (x), xeQ,

(x) t) = 0) (x, t) € 0Q) x (0, T), (320)

vOi BE > 0 thoa lim,_.¢+ BE = +oo0.

Pinh li 3.3.4. Gid sii (H,) - (Hs) va (3.18) théa. Véi p:= B(e) € (0,1) théa man 3.15), néu

chon B¢ > 0 sao cho lim,_.y+ B¢ = +oo vad
K(BY < llog (logg (l)), Q€ (0, 1), (3.21)
T B 2

thi bai todn (3.20) c6 nghiém duy nhat uf € C* ([0, T; L*(Q)). Gid st rang nghiém u ctia bai
toan (3.1) thoa

ue C([0, T1;Ga,r:2) N CH([0, TT; L*(Q)) N L(0, T; L* (V).
Khi do, ta c6 ddanh gid sai s6 sau
| n-uC | = Proet® BT log® (%) , Vte(o,T]. (3.22)
Hon nita, vdi e > 0 dii nhé, ton tai i € (0, T), sao cho Elir(r)1+ t° =0, ta co danh gid sau

T

log 5]

lul(, t5) —u,0)|| < (3.23)

1
P
Prpelog? (E) +luel eqo, 12

. 1 L
Py := (5 " MM, T |71 ”u”C([O’T];GMZT;Z)) b

I u”C([O,T];GMZT;Z)

E
Pigi=—+
78 AT

3.4 Kétluan Chuong3

Chuong 3 da giai quyét dugc cac van dé sau:
- Dung phuong phap Quasi-reversibility dé chinh hoa bai toan trong ca hai truong
hop thuan nhat va phi tuyén.
- Dua ra dugc danh gid sai s6 gitia nghiém chinh x4c va nghiém chinh héa trong trudng
hop thuan nhét (Dinh li , ham ngudn théa diéu kién Lippschitz toan cuc (Dinh li
va ham ngudn Lipschitz dia phuong (Pinh 1[3.3.4) .

15



Chuong 4

BAI TOAN PARABOLIC VGI HAM NGUON VA HE SO PHI TUYEN

Noi dung chinh clia chuong nay 1a khao sat bai toan parabolic phi tuyén véi hé s6
phi tuyén dang
= V-(aCx, tulx, 0)Vu) = F(x Guts 1), (60€Qx0,7),
u(x, 1) =0, (x,1) €0Q % (0, T, (4.1)
ulx, T) = ¢(x), x€Q,
trong dé ¢ € L?(Q) cho trudc, hAm ngudn F(x, f;u) va a(x, t;u) 1a hé sé6 phu thuoc theo
bién khéng gian x, thoi gian ¢ va nghiém . Bai todn nay la bai toan khong chinh theo
nghia ctia Hadamard, vi viy can mot phuong phap dé chinh héa. Muc tiéu ctia chiing

t6i 1a xay dung phuong phdp tua ddo cé dieu chinh (Modified quasi-reversibility method)
dé chinh héa bai toan ([@.1).

Chuong nay tong hop cac két qua dudc chiing t6i cong bd trén tap chi: Journal of
Mathematical Analysis and Applications (SCI,Q1) [A3] va hai két qua m& rong dudc
dang trén Discrete and Continuous Dynamical Systems - Series A (SCI,Q1) [A4] va
SIAM Journal on Mathematical Analysis (SCI,Q1) [A5].

4.1 Cécgia thiét

Trong toan bo chuong nay, ta ki hiéu || - || va ¢,-) 1an lugt 1a chuan va tich vé huéng
trong khong gian L2(Q).

Ta thiét 1ap cac gia thiét sau:
(H,) Ton tai a;,a, >0 sao cho
a;<la(w)|=ay, VweR;
(H,) Ton tai L> 0sao cho

la(x, t; w1) —a(x, t; wo)| < Llwy —wal, (x,)€Qx(0,T), wr, w2 €R;

16



(H3) Diiliéu ¢ bi nhiéu béi ¢¢ € L?(Q) théa man

lp:—@ll<e, VBie>O0. (4.2)

4.2 Céckét qua chinh

Ching t6i xét bai todn ([@.I) véi cac truong hgp clia ham ngudn F théa: diéu kién
Lipschitz toan cuc (3.14) va diéu kién Lipschitz dia phuong (3.18).

4.2.1 Trudng hop ham nguodn théa diéu kién Lipschitz toan cuc

St dung phuong phap Quasi-reversibility c6 diéu chinh, chiing t6i dua ra bai toan

chinh héa sau:

dtug—v-(a(x,t;u;)Vu;)—( € fﬁ)w;):F(x,t;uE(x,t)), (x,)eQx(0,T),

ﬁ ﬁva2 B
ug =0, (x,H) €dQx(0,T), (4.3)
wug(x, T) = ¢°(x), xeQ,
trong do,
,dgyaz =% +<€§,a2’
vOi
Lw)=aAw=—az ) Ap{w(x, 1), (X))Pn(x), 4.4
n=1
va
1 (0,0]
C (WX, 1) = T n; log(1+ Bexp (a2 TAn)) {w(x, 1), pn(x))dn(x), (4.5)

v6i moi ham w e C ([0, T1; L*(Q)) va B:= B(e) >0 1a tham s6 chinh héa.
Dinh1i4.2.1. Vdi §:= B(e) € (0,1 - e~ %) théa man

lim =0,

S (4.6)
lim —=0

e—0% ,3

Néu cdc gid thiet (Hy)-(Hs) va diéu kién Lipschitz toan cuc théa thi bai todn
c6 nghiém duy nhat u; € C([0, T1; L (). Gia su rang bai todn c6 nghiém duy nhat u
thoa

ue C([0, T1;Ga,10) N L (0, T; Hy (Q)) N C* ([0, T1; L* () .
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Khi do, ta co danh gid sai so sau

I, )= ut, Bl < PeP2 0BT, e (0,T), (4.7)
trong do,
Py = £ + ”u”C([O’T];GazT;O)
B VT
201 11112
L ”u”Loo(o,T;H(}(Q)) 1
Pyy= +K+-—.
4 2

Vi e > 0 dii nhd, ton tai t* > 0 sao cho lim,_+ t* = 0, ta cé ddnh gid sau

T
‘ uz(’ tg) _ u(.’O) 0 < (PllePIZT + ” ut”Loo(O,T;LZ(Q))) —1. (4.8)
log 3
Chii ¥ 4.2.2. Néu chon ff = ¢* vdi e (0,1] trong @7) va @38), thi ta duoc
”u”C([O TG, 70) ut
Ery Pu(T—1) | 1 T1Gay 0 u
’uﬁ(,t) u(,t)HSe el H 4 N eT, teT), (4.9)

<

s, 1) - u(-,0)|

Il ;
efr(T-1 (81_”+ C([0,T1;Gay, 150)

+ ”ut”Loo T:12(Q
\/T ) (07 ) ( ))

T
| /—log(lleﬂ)' (4.10)

4.2.2 Truong hdp ham nguon thda diéu kién Lipschitz dia phuong

Khi ham ngudn F thoéa diéu kién Lipschitz dia phuong (3.18) va véi cach xap xi ham
F nhu trong (3.19). Khi d6, v6i B¢ > 0 théa man lim,_o+ B¢ = +oo, ta xét bai toan sau

Otug -V (a(x, t; uz)Vu;) - (eszig,az - 59) (ug) = §B£ (x, t; uz(x, t)) , (x,D)eQx0,1),
ug(x, 1) =0, (x,1)€0Q x (0, T),
u%(x, T) = % (x), xeQ.

(4.11)

Dinh1i4.2.3. Cho :=f(e) € (0,1 -exp(—a,TAy)) thoa va gid sit (Hy) — (Hz3) va

théa. Khi do bai todn c6 nghiém duy nhat ufi € C([0, T1; L?()). Chon Bt > 0 sao cho

lim,_.¢+ B = 400 va

K(B) < %log(loga[) (%)) Vte(0,T), (4.12)

18



trong do {(t) = min {%, %}, ta co danh gid sai sO sau

1
|46, 0-uc, 0] < PreP =0 ¥ 10gt® (E)’ Ve (0,7l (4.13)
Véi e > 0 dii nhd, ton tai t¢ > 0 sao cho lir(r)l t£=0, ta co
£— +
€ € Pi3T (1) 1 r
‘ uﬂ(’t )—u(,O)H < Plle log( E +”ut”L°°(O,T;L2(Q)) 1 y (4.14)
log(3)

) L2||u||ioo(0 ol @) o , _ ]

trong do P53 := TR 1 va hang so Py, dugc dinh nghia trong Dinh 1i4.2.1|

Chiiy4.2.4. 1) Néu f:=f(e) € (0,1—exp (-azTA1)) théa man thi
I u;(-, ) —u(, )| tién dan vé o khie — 0%, vi moite(0,T).
2) Néu chon 0 < {(t€) < 1/2 thi vé phdi ctia @.14) tién dan véo khie — 0*.

4.3 Cickét qua mérong

Cac két qua sau day la truong hdp mé rong clia bai toan (@.I), chiing t6i khong trinh

bay chi tiét cdc chiing minh trong luan 4n nay.

4.3.1 Truonghophésd a:=a(x, 1)

Trong bai toan @.1), 1ay a(x, t; u) = a(x, t), xét hé gdm m phuong trinh sau:

Otu; = V- (al(x, t)Vul) = F1(x, t;uy; .. Um), (x,)eQx(0,1),

\ atum_v'(am(x; t)vum) :Fm(x» Lug;...; um)y (xr t)EQX(Oy T)’ (4'15)
ur(x,t) =0, (x,1)€dQx (0,T),
up(x, T) = @i(x), xeQ,

vOik=1,m.
Dung phuiong phdp Quasi-reversibility dé chinh héa bai toan @.15), ta c6 két qua sau:
Pinh1i4.3.1. VdimeN*,m=2, ta co

- Ce(mK+1/2)(T—t)ﬁ%, Ve (0,T]. (4.16)

H%&ﬁ(" -, t)’ [L2@]™ ~

Hon nita, vdi e >0, ton tai i€ € (0, T) sao cholim,_q+ 1€ =0, ta cé

< CemKT+T/2 T (4 17)
) m= —. .
= ol
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trong do, P := (uf’ﬁ, ur ..., ufnﬁ) e [C ([0, T1; L.2()]™ la nghiém chinh héa va
U = (u1, Uy, .., um) € [C (10, T; L2(Q))]™ la nghiém ciia bai todn [@E.15).
Két qua trén day dugc chiing toi cong bo trén tap chi Discrete and Continuous Dynam-

ical Systems - Series A (SCI, Q1) [A4].

4.3.2 Truonghgp hé $0 a:= a(x, t; u; Vu)

Trong bai toan (@.1), mé rong hé sb a(x, t;u) dén truong hop a(x, £; u; Vu), ta xét bai

toan sau:

u;—V- (a(x, t; u;Vu)Vu) =F(x t;ulx,1), x1)eQx0,1),
u(x,t)=0, (x,1) €0Q % (0, T), (4.18)

ulx, T) = p(x), xeQ.

Dung phuiong phdp Quasi-reversibility dé chinh héa bai toan [@.18), ta c6 két qua sau:
Pinh1i4.3.2. Vdit€ (0, T), ta co danh gid sau

Hon niia, ton tai t° € (0, T) sao cholim._y+ t° =0, ta co

trong do, hamy : [0, T] x (0,1) sao cho vdi §:= B(e) € (0,1), thoa man

uz(') t) - u(') t)

—t
iy <CY @B, (4.19)

1
w9 —ut,0)| . sc— . (4.20)
:6 HLZ(Q) logz (')/(T, ,B))

Y(T,B) =1, ﬁlingj(t,ﬁ) =00, VYtel0,T].

Két qua trén day dudc ching toi cong bo trén tap chi SIAM Journal on Mathematical
Analysis (SCI, Q1) [A5].

4.4 Kétluan Chuong 4

Chuong 4 da giai quyét dugc cac van dé sau:
- Dung phuong phdp Quasi-reversibility cé diéu chinh dé chinh héa bai toan @.1).
- Pua ra dugc danh gia sai s6 gitita nghiém chinh xac va nghiém chinh héa trong hai
triong hop clia ham nguodn thda diéu kién Lipschitz toan cuc va Lipschitz dia phuong

(Dinh 1i va Dinh 1i[4.2.3).
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KET LUAN CHUNG VA KIEN NGHI

I. Két luan chung
Trong luan 4n nay, chiing t6i dua ra dugc cac két qua sau:
Mot la, dung phuong phdp cht cut chudi Fourier méi dé chinh héa bai toan parabolic
phi tuyén c6 hé sb hang.
Hai la, dung phuong phdp Quasi-reversibility dé chinh héa bai toan ngudc thdi gian cho
phuong trinh parabolic véi hé s6 phi dia phuong.
Ba la, dung phuong phdp Quasi-reversibility c6 diéu chinh dé chinh héa bai toan phi

tuyén véi hé so phi tuyén.
Két qua chinh clia luan an da dudc céng bo trén nidm bai bdo quéc té (SCI).

I1. Kién nghi
Trong thoi gian t6i chiing t6i sé nghién cttu cac van dé sau:
1. Tiép tuc nghién cttu phuong trinh parabolic ngudc thdi gian c6 yéu té ngau nhién.
2. Nghién ctiu phuong trinh parabolic ngudc thdi gian trong khong gian Banach tong
quat.
3. Nghién citu bai todn Cauchy cho hé phuong trinh parabolic phi tuyén.
4. Nghién cttu phuong trinh dao ham riéng c6 dao ham cap khong nguyén theo thoi

gian.
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