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TONG QUAN

Trong ludn an chung t6i nghién ctru cac bai toan bién—gia tri dau cho mot

s6 16p phuong trinh parabolic c¢6 dang
0P (u) +divA (x,t,u, Vu) = F (x,t,u), (1)

trong d6 P 1a toan tr tuyén tinh (P = [ hodc P = I — A), A va F la cac toan
tir phi tuyén xéac dinh trén cac khong gian ham thich hgp. Nhu da biét cac
phuong trinh parabolic phi tuyén 1a mot trong nhiing cong cu manh mé cho
phép mo6 hinh héa nhiéu hién tugng xuat hién trong nhiéu linh vire khac nhau
cta khoa hoc ing dung nhu Vat ly, Hoa hoc, Sinh hoc, Kinh té, Tai chinh, v.v.

Vé mat toan hoc, khi nghién ctru cac phuong trinh parabolic c6 dang
P (u) +divA (x,t,u, Vu) = F (x,t,u), (2)
ngudi ta thudng quan tim nghién ctru cac van dé sau:
(i) Su ton tai nghiém dia phuong hay tinh chinh dia phuong ctia bai toan.

(ii) Khi nao phuong trinh c6 nghiém toan cuc? Trong truong hop do, can xem
xét dang diéu cuia nghiém khi thoi gian tién ra vo han. Tim cac diéu kién

dd dé nghiém ctia phuong trinh biing nd tai tai thoi gian htru han.

Céc két qua lién quan dén tinh chinh dia phuong ctia cic phuong trinh dao
ham riéng cho dén nay da dugc nghién ctru mot cach twong doéi day du bdi
nhiéu tac gia nhu Friedman, Ladyzhenskaya, Evans, DiBenedetto, Raviart,
Kalashnikov, Showalter va Ting, Brezis, v.v.

Van dé lién quan dén tinh chéat ton tai toan cuc hay khong ton tai toan cuc
(bting n6) cho nghiém cta cac phuong trinh dao ham riéng da c6 mot chang

duong lich st phat trién 1au dai. Trong d6 tinh chat buing né cho nghiém cta
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cac phuong trinh séng 4 tuyén tinh dugce nghién citu dau tién vao nhirng ndm

1950 bdi Keller, John va Kato cho 16p phuong trinh
wy = Au+[ulPu, (x,t) eR"xRT, (p>1). 3)

Tinh chat bung né ctia nghiém cac phuong trinh parabolic cling duogc quan
tdm nghién ctru boi béi nhiéu nha toan hoc nhu Friedman, Ladyzhenskaya,
Kaplan, Fujita, Levine, Galaktionov va mot s tac gia khac.

Cac két qua dau tién lién quan dén tinh chat bung né cho nghiém ctia cac
phuong trinh parabolic 1a vao nhitng ndm 1960 boi hai két qua ndi tiéng cia
Kaplan va Fujita. Trong cac bai bao ctia minh, Kaplan (1963) va Fujita (1966)
lan Iuot nghién ctu cac bai toan bién—gia tri dau va bai toan Cauchy cho

phuong trinh nhiét c6 dang
ur=Au+f(u), (x,t)€QxR". (4)

Tir day tinh chat bung né dugc nghién citu md rong cho nghiém cta nhiéu
phuong trinh parabolic khac nhau, cting véi d6 1a sy phat trién ctia nhiéu
phuong phép dé nghién ctru cac van dé nay. Chang han, Galaktionov (1994)
da md rong cac két qua cua Fujita cho cac 16p phuong trinh porous media va
phuong trinh tién hoa p-Laplace.
up=AMu"+ub, va wu=div (|Vu|"Vu) +u?, (0>0),
va 16p phuong trinh khuéch tan - phan ting dang
ur = A(u) + f(u),

trong d6 A 1a toan tix elliptic cap hai, c6 thé phi tuyén va suy bién déng vai tro
la dai lugng khuéch tan va f(u) la ham trén tuyén tinh theo u déng vai tro la
phan ung.

Véi hudng tiép can theo phuong phap nang lugng, vao nhimg nam 1970,
Levine (1973,1974) da st dung phuong phép phuong phdp ham lom dé nghién
cttu tinh chat bung nd cho nghiém cta céac bai toan parabolic va hyperbolic

dang

Pup = —Au+ F(u) va Puy=—-Au+ F(u), (5)



trong d6 P, A 1a cic toan tir tuyén tinh ddi xing thoéa diéu kién P > 0 va
A > 0 xac dinh trén cac khong gian Hilbert. Trong d6, Levine da chi ra rang
vdi ngudn nang lugng dau Am hay di kién dau 16n thi nghiém ctia phuong
trinh (5) 1a buing nd tai thoi gian htru han.

Trong trudng hop ngudn nang lugng dau duong hay dir kién dau nho,
Payne va Sattinger (1975) da phat trién phuong phdp potential well d€ nghién
ctiru tinh chét ton tai toan cuc va bung no tai thdi gian hiru han cho nghiém
ctia bai todn bién-gia tri dau cho 16p cac phuong trinh parabolic va hyperbolic

dang
Ut :Au—i—}"(u) va Uy :AM—F.F(M),

vdi F ¢6 dang tong quét cia ham lay thira. Trong d06, cac tac gia da chi ra cac
tap hgp roi nhau W va U sao cho néu dir kién dau thudc W thi nghiém cua bai
todn ton tai toan cuc va néu di kién dau thuoc I/ thi nghiém bai todn bung n6
tai thoi gian hitru han. Cac tap hgp W va U tuong ung dugc goi 1a tdp dn dinh
va tdp khong on dinh. Phuong phéap potential well dugc gidi thiéu dau tién boi
Sattinger (1968) va Lions (1969) khi nghién cttu tinh chét ton tai ctia nghiém
toan cuc cho cac phuong trinh hyperpolic, sau d6 dugc Payne va Sattinger st
dung dé nghién ctru tinh chat buing n6 ctia nghiém va nghiém toan cuc cho ca
phuong trinh hyperbolic va parabolic.

Tinh chat bung nd cho nghiém ctia cac phuong trinh gia parabolic dudi
tdc dong ctia nguon dang lily thira ciing dugc quan tim nghién ctru trong thoi
gian gan day, két qua chi tiét c6 thé tham khao cac bai bao Xu (2013) va chuyén
khao ctia Al’shin va cac dong tac gia (2011).

Cho dén nay, tinh chat buing né ctia nghiém cac phuong trinh parabolic va
gia parabolic dudi tic dong ctia ngudn dang lity thita hodc dang tong quét ctia
ham liy thita da dugc nghién citu tuong déi rong rai, tuy nhién c6 rat it két
qua cho cac phuong trinh véi thanh phan phi tuyén dang logarit. Mot vai két
qua gan day cho cac phuong trinh nhiét ¢ thé xem Chen va cong su (J. Math.
Anal. Appl., 2015 va J. Differ. Equations. 2015). Trong do6 cac tac gia nghién bai



toan bién—gia tri dau cho cac phuong trinh
ur—Au=uloglu|, ur— Auy— Au=ulog|ul. (6)

Bang cach stt dung phuong phép potential well, tac gid da chi ra rang véi dix
kién dau thuodc vao tap 6n dinh thi nghiém ctia bai toan la ton tai toan cuc
va tat dan ma; voi truong hop du kién dau thuoc vao tap khong 6n dinh thi
nghiém ctia bai todn bung né tai co. Trong khi d6 véi diéu kién tuong tu va
ngudn dang lay thita f(u) = |u|P~?u, p > 2 thi nghiém ctia bai toan bung nd
tai thoi gian htru han.
Xuat phat tir cac két qua trén, chiing t6i xét mot s0 16p phuong trinh parabolic
suy bién gom phuong trinh tién héa p-Laplace, phuong trinh gid parabolic
chita toan tir p-Laplace va phuong trinh khuéch tan phi tuyén kép dudi tac
dong ctia ngudn dang logarit. Cu thé, trong luan an chting t6i nghién ctru ba
bai toan sau day:
Bai toan 1: Chung t0i xét bai toan Cauchy-Dirichlet cho phuong trinh tién
hoa p-Laplace dudi tdc dong ctia nguodn dang logarit nhu sau
up—Apu = fp (u), (x,t) € QxRY,
u(x,t) =0, (x,t) € 0O x R, (7)
u(x,0) = ug(x), x €Q),

trong d6 f,(s) = |s|P~*slog (|s|) véi p > 2.

Bai toan 2: Chung t6i xét bai todn Cauchy-Dirichlet cho phuong trinh gia

parabolic chira toan tir p-Laplace sau
ur— Aup — Apu = fg (u), (x,t) € A xR,
u(x,t) =0, (x,t) € 00 x R, (8)
u(x,0) = ug(x), x € Q)

trong do f,(s) = 15|72 slog (|s|) v6ig > 1.

Bai toan 3: Chuing tdi xét bai toan Cauchy-Dirichlet cho phuong trinh khuéch

tan phi tuyén kép sau
ur— Ay (]u\m_z u) =fys(u), (xt) € QxRT,
u(x,t) =0, (x,t) € 00 x R, )
u(x,0) = up(x), x € Q)



trong do f,(s) = 15|72 slog (|s|) v6ig > 1.
Khi nghién cttu tinh chat nghiém cta ba bai toan trén, noi dung cta luan an

sé tap trung tra 16i cac cau hdi sau day:

1) Khi nao nghiém ctia cac bai toan trén 1a bung n6? khi ¢6 hién tugng bung

no xdy ra thi nghiém bung no tai thoi gian hiru han hay tai co?

2) Khi nao nghiém cua cac bai toan trén ton tai toan cuc? néu nghiém ton
tai toan cuc thi dang diéu caa nghiém khi thoi gian 16n sé nhu thé nao?

nghiém toan cuc c6 tat dan hay khong?
D€ tra 16 cac cau hoi nay, chiing t6i tién hanh nghién ctru luén an vdi tén goi:

M0t s6 16p phuong trinh parabolic suy bién vdi nguon logarit:

tinh chét biing nd, nghi¢m toan cuc va tinh chit tit dan.

Dé thu dugc cac két qua trong luan an chung t6i st dung cac phuong phap
ctia gii tich ham phi tuyén nhu phuong phap xap xi nghiém Faedo-Galerkin,
phuong phép compact va phuong phép toan tir don diéu. Dac biét, dé thu
duoc két qua vé tinh chat ton tai hay khong ton tai nghiém toan cuc chung t6i
st dung phuong phap potential well dugc gidi thiéu bdi Payne va Sattinger va
phuong phdp ham 16m cta Levine. Tinh uu viét cia phuong phap nay duoc
thé hién & chd khong nhitng tinh chat buing né ctia nghiém duogc nghién citu
ma khi d6 tinh chat toan toan cuc ctia nghiém cting dugc suy ra.

CAu tric cta ludn an bao gdom phan téng quan, kién thitc chuan bi, ba
chuong chinh, két luan, danh muc cong trinh ctia tac gia ludn an va tai liéu

tham khao.



CHUONG 1

KIEN THUC CHUAN BI

1.1 Khong gian Sobolev

Dinh ly 1.1 (B4t dang thiic logarit Sobolev). Gid sir 1 < p < oo. Khi dé vdi moi
ham u € WP (IR") théa [p, |u|f dx =1, ta co

n
/]R” lulP log |u| dx < ?log {Ep /]R” \Vu|pdx] , (1.1.1)

trong d6 L, 1a hiang s6 cho bdi

_1\P1 (%11
£, =" (p : 1) b [ (p2_1+ ) } (1.1.2)
r(ntt+1)
Diing thitc xdy ra khi
n/p, / _1/p ,—P/
_ n/2 (9 r(n/p +1) I ;' n
u(x) = (71 (P) T(n/2+1) e , VxeR", (1.13)
voimoip >1,0>0vax € R"
Dang tham s ctia bat dang thtic trén cho béi.
Hé qua 1.2. Vii cic hing sé p > 1, u > 0, ta cé:
|u(x)]
u(x)|"lo dx
Pl )] g( I,
n phe / p / p
-1 — dx < d 114
+ S0 (P52 [ ol dx < p [ Vuo)Pax, (10

vdi moi u € WUP (R")\{0}. Dic bi¢t, néu QO C R" la mién bi chin vi u €



Wé P (Q) thi bing cdch dit u(x) = 0 vdi x € R"\Q, ta cd bt ding thiic

p/Q lu(x)|? log (%ﬁ) dx

laell

+%log (Z—Z) /Q lu(x)|F dx < y/ﬂ IVu(x)|Pdx, (1.1.5)

voi p > 0 tuy y.
Dinh 1y 1.3 (Bat dang thiic logarit Gagliardo—Nirenberg). Cho trudc 1 < p <
00,0 < q < p*saochou € LT (R") va Vu € LP (R"). Khi d6 ta cd bit dang thiic

]9 Jul? 1 ;  IVully
log dx < ———log [ C (1.1.6)
/w HMHZ [[ua]] 7 1—q/p* P ul]7

Trong dé C la hing s6 phu thudc vao n, p khi p < n, va phu thudc vio n, p va chin

trén ciia q khi p > n.

Hé qua 1.4. Vi cic gid thiét nhu trong B6 dé 1.3, ta cé
"

q (9—
p
I umog(” 'q>dx+cz,p,q,,4u‘f<u—|wp+y”p Jully™",

voiu >0ty Y, 0 < r <min{p,q} va C] la hang s xdc dinh nhu sau

npA.p
cr P° oo [ (P —a)THe
AR (pr—q)r g( 90*Chpa
Néu Q C R" la mién bi chin va u € Wé’p (Q) thi bang cich dit u(x) = 0 khi
x € R"\Q), ta cé bat dﬁng thirc

(q=7)
—7 7rp
/\ qlog( q> dx + Cp p g ullull] < p— HWHPWPP Jull/ . (1.1.7)

1.2 Toan ti don diéu
1.3 Khong gian ham phu thudc thoi gian

1.4 Mot s6 bat dang thirc co ban

B6 dé sau dugc ding dé chitng minh tinh chat tat dan cta nghiém.
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Bo dé 1.5. Gid sit f : RT — R 1 ham khong ting thoa
[t < é FOVF(E), VE> 0. (14.8)
t
trong do o la mot hiang sé khong am. Khi do ta co

(@) f(t) < f(0)e' =%, vdi moi t >0, néu o =0,

1+o0
1+ wot

1/0
) ,o0imoi t > 0, néuc > 0.

® £ < 0) (
Dé ching minh tinh chat bung nd tai thoi gian hitu han, ching t6i can cac
b6 dé sau.
Bo dé 1.6. Gid sir i € Wllo’g(lR*) 1o mot ham s6 khong dm théa p(0) > 0 va

dy

r (t) > cy?(t), woih.h. t2>0, (1.4.9)

trong dé o > 1 va c la hing s6 duong. Khi do ta co

1
o) -

P(t) > < = 1)t>01, te[0,Ty). (1.4.10)

Tir day suy ra 1
. y —7(0
t1—1>IYI“} P(t) =00, wvii T, = %.
Bo dé 1.7. Gid st ® : RT™ — R 1d mot ham khd vi cép hai va ton tai tg > 0 théa
D(tg) >0 va D'(ty) > 0.
Gid stt thém ring ® théa bat ding thiic

O(H)D"(t) — a(D'(t))> >0 (1.4.11)

vdi moi t > to, trong dé a > 11a hing so. Khi dé ton tai T, > 0sao cho lim ®(t) =
t—T,

oo. Cu thé' hon ta cd danh gid

1 1/(a—1)
*l) 2 (q>1_“(fo) — Do(t — fo)) (1412

(
v6i moi t € [tg, Ty), trong dé ©g = (a — 1)P’ (¢
(




CHUONG 2
PHUONG TRINH PARABOLIC CHUA TOAN TU
p-LAPLACE VOI THANH PHAN PHI TUYEN DANG

LOGARIT

2.1 Gioi thiéu

Trong chuong nay ching t6i xét bai toan bién—gia tri dau cho phuong trinh
parabolic chita toan tir p-Laplace véi thanh phan phi tuyén c6 dang logarit
nhu sau:

ur — Apu = fp(u), x € Q,t>0,
u(x, t) =0, x €00, t>0, (2.1.1)
u(x,0) =ug(x), x€Q.

trong d6 fp(z) = |z|P~2zlog (|z|). Nghiém ctia bai todn dugc hiéu nhu sau:

Dinh nghia 2.1 (nghiém yéu). Mdt ham u duoc goi la nghiém yéu ciia bai todn
(2.1.1) trén Q x [0, T néu

ueL® (o, T; Wy (Q)) , uelV (o, T, W1 (Q)) nL? (0, T;L? (Q))
thoa théa diéu kién dau u(-,0) = ug(+) € Wé’p (Q) va phuong trinh
/Q W (wdx + /Q Vu(t)P2Vu(t) - Vodx = /Q o (u(t) wdx,  (212)
00 moi w € Wg’p(Q) va hau hét t € [0, T).

Dinh nghia 2.2. Gid sir u(t) := u(x,t) la nghiém yéu cila bai todn (2.1.1). Ta dinh

nghia s6 thue duong Tmax nhu sau:
Tmax = sup {T > 0: u(t) ton taitrén [0,T)} .
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(1) Néu Tyax = oo thi u(t) la nghiém toan cuc.
(ii) Néu Tmax < oo thi ta néi u(t) khong ton tai toan cuc hay bing nd tai thoi gian

hitu han. Hon nita, néu t im ||u(t)]|, = oo thi Tmax duroc goi la thoi gian bung

max
2

no.

2.2 Potential well va cac dac trung

Dé xay dung céc tip on dinh va tip khong on dinh cho nghiém ctia bai toan

(2.1.1) ching t6i gidi thiéu cac phiém ham I va | nhu sau
J(u) = = ||Vu]) - 1/ |u\P10g\u\dx+i2/ ul? dx, (22.1)
p pJO pcJa
I(u) = | Vullf - /Q u|? log |u] dx. (2.2.2)
Ta dinh nghia da tap Nehari

N = {u € Wy (Q)\{0} : I(u) = (J' (w),u) = 0}
Bo dé 2.3. Vdiu € WS’P (Q) \{0}. Ta c6 cdc tinh chat sau:
(1) /\ILI{)L]'(A) =0oa )}gr;o]()t) = —o0;
(2) ton tai duy nhat A* = A*(u) > 0sao cho j'(A*) = 0;
(3) j (A) ting trén (0,A*), gidm trén (A*, 00) va dat gid tri Ion nhat tai A*;
(4) I(A*u) =0, I(Au) > 0néu0 < A < A*va I(Au) < 0néu A* < A < oo,

. n/p? .
Ta ky hiéu R la hang so xac dinh bdi R := (%) , trong do6 £, la hang

=

s6 duoc xac dinh trong Dinh 1y 1.1.

B6 dé2.4. Voiu € W&’p (Q) \{0}, ta cd cdc khing dinh sau:
(1) Néu 0 < ||lul|, < R thi I(u) > 0.
(2) Néu I(u) < 0 thi |lul|, > R.

(3) Néu I(u) = 0 thi |lul|, > R.
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Tiép theo ta dinh nghia potential depth

d = inf u). 2.2.3
uleN]( ) ( )
B dé 2.5. Ta c6 cdc khiang dinh sau:

(a) d = inf sup J(Au).
ueW? (Q)\{0} A>0

(b) d bi chin dudi béi

1 [ pPe ’ORP

trong d6 L, 1a hing s6 durgc xdc dinh trong Dinh Ij 1.1.

(c) Bai todn bién phan (2.2.3) ¢ it nhat mot nghiém khong dm hay ton tai ham khong

dm u sao chou € N va J(u) = d.
Ky hiéu cac tap
Nt = {u € W&’p (Q): I(u) > 0}, N~ = {u € Wé’p (Q):I(u) < O}.
Bay gi¢ ta dinh nghia cac tap 6n dinh W va khong 6n dinh U nhu sau:
W= (N+ m]d) u{o}y va U:=N"nJ, (2.2.5)

trong d6 J4 dugc hiéu la tap ing v6i nang lugng nho hon d. Tir cac dinh nghia
trén ta dé dang suy ra rang

WNU=0 va WUl = ] (2.2.6)

2.3 Su ton tai nghiém dia phuong

Dinh 1y 2.6. Gid sit uy € Wy (Q0). Khi d6 ton tai s6 thuc duong Ty sao cho bai todn
(2.1.1) c6 nghiém yéu u trén Q x (0, Ty) théa bdt ding thitc ning luong

t
/0 o' (s)[13ds + J (u(t)) < J(uo), t € [0, To). (2.3.1)
Hon nita, khi p > n thi nghiém yéu tim dugc la duy nhat.
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2.4 Tinh chat ton tai toan cuc va tinh tat dan

Dinh ly 2.7. Gid st ug € W. Khi do bai todn (2.1.1) c6 nghiém yéu toan cuc duy
nhat u(t) thoa

t

| 1) 1Bs + (1)) < J(wo), ¢ € [0,00). (2.4.1)

Hom nita, néu [(ug) < M thi nghiém toan cuc tit dan. Cu thé hon, ta cd cic danh gid
sau:

(i) Néu J(ug) < M thi ta cé

1

[u(t)]]2 < uoz( p/2 — )pz, t>0, (2.4.2)
14+ Z(p—2) luolly "t

2
trong 46 ¢ = 110 7" log 45 > 0.

(ii) Néu J(ug) = M thi ton tai t, > 0 va hing s C« > 0 sao cho

2 72
Ju(t)ll, < C. (#ﬂzﬁ) S (0.43)

2.5 Tinh chit bung né tai thoi gian hiru han

Dinh Iy 2.8. Gid sit ug € U N JM vi u(t) la nghiém yéu dia phuong cia bai todn

(2.1.1) 1tng vdi dit kién dau ug thda

t
/0 1w (s)|15ds + J(u(t)) < J(ug), Vt € [0, Tmax) - (2.5.1)
Khi dé ta c6 cdc khing dinh sau:

(i) Néu J(ug) < O thi u(t) khong ton tai toan cuc hay bing nd tai thoi gian hitu

han. Hon nita, ta c¢6 ddanh gid

1

ﬁ
||M(t)22< o M) ,
plluclly " —(p—2)Q] = ¢

_2 .
04 do 46 Tmax < % Q17 JJugl 27"

(i) Néu 0 < J(ug) < M thi u(t) khong ton tai toan cuc hay bing nd tai thoi gian

hiru han.
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Nhan xét va két ludn Chuong 2

o Khi dir kién dau 1y € W thi nang lugng khuéch tan 16n hon nang lugng
sinh b&i ngudn logarit va do d6 nghiém ton tai toan cuc. Hon nita, nghiém
toan cuc la tat dan trong khong gian L2 (Q) khi J(u9) < M. Dac biét, khi
p = 2 thi nghiém cua bai toan (2.1.1) la tit dan mi, xem Chen, J. Math.
Appl. Anal. (2015).

o Khiug € U, J(up) < M thi nang lugng khuéch tan nhé hon nang lugng
sinh bdi nguon logarit, thi nghiém buing né tai thdi gian hiru han trong
khong gian L2 (Q)). Dac biét, khi p = 2 thi nghiém cta bai toan (2.1.1)
bung né tai co, xem Chen, J. Math. Appl. Anal. (2015).
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CHUONG 3
PHUONG TRINH GIA PARABOLIC CHUA TOAN TU
p-LAPLACE VOI THANH PHAN PHI TUYEN DANG

LOGARIT

31 Gidi thiéu
Trong chuong nay ching t6i xét bai toan bién—gia tri dau cho phuong trinh
gia parabolic vdi thanh phan phi tuyén c6 dang logarit nhu sau:

ur — Aup — Apu = fy(u), x € Q,t>0,
u(x,t) =0, x €90,t>0, (3.1.1)
u(x,0) = up(x), x €,

trong do6 f,(z) = |z|7%zlog (|z|).

Dinh nghia 3.1 (nghiém yéu). Mdt ham u duoc goi la nghiém yéu ciia bai todn
(3.1.1)néu

ueL® (0, T; wgfp(o)) , U el? (0, T; H! (Q))
théa dieu kién dau u(0) = ug € Wol’p (Q)) va phuong trinh
b (u'(t), w) +a(u(t),w) = (fg(u(t)),w),
vGi moi w € Wé’p(Q) va h.h. t € [0, T], trong do

b(u,v):=u,v)y+ (Vu,Vo) ovia a(u,v):= <]Vu\p2 Vu, Vv>.
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3.2 Potential well va cac dac trung

Xét phiém ham Euler | va phiém ham Nehari I xc dinh trén khong gian

Wy ()
J(u) = 1||Vu||”—1/ |u]qlog(\u|)dx+l/ lu|Tdx, (3.2.1)
p Pgqla 72 Ja
I(u) = HVuug—/Q\uwlog(\u\)dx. (32.2)

Da tap Nehari dugc dinh nghia nhu sau:

1/
N = {ue WP (@)\{0} : () = (J' (u),u) = 0}.
B8 dé 3.2. Vi u € Wy* (Q) \{0}. Ta c6 cic tinh chét sau:
1) lim j(A) =0wa lim j(A) = —o0;
(1) lim j(A) =00z lim j(A) = —oo
(2) ton tai duy nhat A* = A*(u) > 0sao cho j'(A*) = 0;
(3) j (A) ting trén (0, A*), gidm trén (A*, 00) va dat gid tri [6n nhat tai A*;

(4) I(A*u) =0, I(Au) >0néu0 < A < A*ova I(Au) < 0néu \* < A < .
Ta dinh nghia potential depth
d = inf . 3.2.3
inf J(u) (3.2.3)
B dé 3.3. Ta c6 cdc khing dinh sau:

(a) d = inf sup J(Au).
uewy? (Q)\{0} A>0

(b) Bai todn bién phan (3.2.3) ¢é nghiém va
0<d=inf J(u). (3.2.4)
ueN
Khi d6 céac tap 6n dinh W va khong 6n dinh ¢ dugc dinh nghia nhu sau:

W = (N+m]d)u{0} va U:=N"nJ (3.2.5)
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3.3 Nghiém dia phuong va nghiém toan cuc
Pinh ly 3.4. Gid st ug € WS P (Q)). Khi d6 ta cd cdc khang dinh sau:
(i) Néu1 < g < p thi bai todn (3.1.1) ¢6 nghiém toan cuc u théa
t
2
L1 ey ds 4+ 70u(8) < J(wo), 0<E<T. (3.3.1)

(i) Néu p < q < p (1+ 2) thi bai todn (3.1.1) cd nghiém dia phirong. Hon nita,
nghiém tim duoc la duy nhat khi p > n.

3.4 Tinh chat tat dan cua nghiém toan cuc
Dinh 1y 3.5. Gid sir q € [p, p*) va ug € W. Khi dé bai todn (3.1.1) c6 nghiém toan
cuc duy nhat u(t) thoa
t
| 1@ Bpds + J(0) < J(uo), 0<t<co.
Hon nita, nghiém toan cuc cua bai todn tat dan. Cu thé hon, ta cd cic khéng dinh sau:

(i) Néu J(ug) < d thi

1

PTjZ P2
“u(t)HV\ﬂP(Q) S ( p] (upO)z ) ’ t Z 0/
" 2+ (p—2)C] 7 (uo)t

trong dé C la hing sb duong.

(ii) Néu ] (ug) = d thi ton tai cdc hang s6 duong t, > 0, ws va Cy > 0 sao cho
1

() <C P " s
I HWS”’(m— "\ 2+ wi(p —2)t S

3.5 Tinh chat bung né tai thoi gian hiru han

Dinh 1y 3.6. Gid sir ring q € [p, p*), uo € U théa J(ug) < d va u(t) la nghiém yéu
cla bai todn (3.1.1). Khi d6é nghiém u(t) khong ton tai toan cuc hay bung nd tai thoi

gian hitu han, tirc 1a, ton tai T, > 0 sao cho

tim ()| = .
t—T,
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Nhan xét va két luan Chuong 3

Ta nhan thay rang g > p 1a diéu kién can dé hién tugng bung né xay ra. Dé c6

diéu kién du ta xét hai truong hop sau:

e Khi uy € W thoa J(uy) < d thi nghiém bai toan ton tai toan cuc. Hon
nita nghiém tat dan dai sb trong khong gian H! (Q). Luu y rang tinh
chat tat dan ctia nghiém bai toan (3.1.1) trong truong hop suy bién la
khac véi Chen va Tian, J. Differ. Equations, (2015) nghiém tat dan ma khi
J(up) < M < d.

e Khi ug € U thoa J(uy) < d thi nghiém bung no sau thdi gian hiru han
trong khong gian H! (Q)). Dac biét, Khi p = g = 2 thi nghiém cda bai
toan (3.1.1) bung no tai oo khi J(19) < M, xem Chen va Tian, ]. Differ.
Equations, (2015).

Bang cach str dung ky thuat tuong tu & day, ta c6 thé md rong két qua clia
Chen va Tian, ]J. Differ. Equations, (2015) va cta chinh chung t6i (Comput.
Math. Appl. 2017) cho truong hgp nang luong dau M < J(ug) < d.
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CHUONG 4
PHUONG TRINH KHUECH TAN PHI TUYEN KEP VOI

THANH PHAN PHI TUYEN DANG LOGARIT

4.1 Gidi thiéu
Trong chuong nay, chung tdi xét bai todn bién—gia tri dau cho phuong trinh
khuéch tan phi tuyén kép vdi thanh phan phi tuyén dang logarit sau

ur — Ay (u(’"—l)) = fa(u), x€Q,t>0,
u(x,t) =0, x €00, t >0, (4.1.1)
u(x,0) = up(x), x €Q,

trong d6 f, c6 dang logarit f;(s) = s~V log |s| véi m, p thoa
(m—1)(p—1) > 1. (4.1.2)
Ta xét bai toan tuong duong:

orp(u) — Ay (u) = (m' =1) f, (u), x€ Ot >0,
u(x,t) =0, x €90, t >0, (4.1.3)
u(x,0) = up(x), x €,

véiug € Wyt (Q)vay = (m' —1) (g —1)+1> 1.

Dinh nghia 4.1 (nghiém yéu). Mdt ham u duoc goi la nghiém yéu ciia bai todn
(4.1.3)néuu € L™ (O, T; Wol’p (Q)), @(u) € L (0, T; L™ (Q)) sao cho

%(p(u) erV (o, T, Wi (Q)) v o <|u\”5) € 12(Qr),
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u théa dieu kién dau u(0) = ug va phuong trinh (4.1.3) theo nghia sau

/OT <%<P (u(t)) ,v> dt + /OT <(Vu(t))<7”1> ,Vv> dt
= (' 1) [ Uy wlt)) o),

Vi moi v € Wol’p (Q).

4.2 Potential well trong khong gian ham

Xét cac phiém ham ] va I nhu sau:
1 m —1 m' —1
u) == [ |VulPdx + /uﬁydx— /u71 ul) dx,
Jwy = [Vl T [ Jul"tog (u)
I(u):/ yvuv’dx—(m'—1)/ u|" log (|u]) dx.
0 0
Ta dinh nghia da tap Nehari

N = {u e WP (Q)\{0} < I (u) = (J' (u),u) = o}. (4.2.1)

Ta c6 b6 dé sau.
B3 dé 4.2. Liy u € W,” (Q)\{0} va A > 0. Khi d6 Au € N khi va chi khi A Ia
diém t6i han ciia ham s6 A — ] (Au), tic la 4] (Au) = 0.
Bo dé4.3. Gidsir2 < p < yvau € W&’P (Q) \{0}. Khi dé ta c6 cdc khing dinh
sau:

(i) ton tai duy nhit Ax = Ay (u) > 0sao cho I (Au) = 0, I (Au) > 0 néu
A€ (0,A)val(Au) < 0néud > A

(ii) ham s0 A — ] (Au) dat cuc dai tai A = A hay

2

d
—J (Au) =0 va ——](Au) < 0.

< - ] .

c6 déc trung bién phan cho bdi

d = inf {sup] (Au):u e Wg’p (Q) \{0}} , (4.2.2)
A>0
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Bo dedd. Gidsir2 < p <y < ;5 = p*. Khi d6 bai todn bién phin sau cd nghi¢m
0 <d= inf .
< ulgj\/](u)
Xét tap cac nghiém khong tAm thuong ctia bai toan (4.1.3)
1,
E = {ue Wy (Q)\{0}: ~Apu = (m' = 1) f, () ,ulo = 0},
Ej={u€E:J(u)=d}.
Ta dinh nghia tdp 6n dinh W va tap khong 6n dinh I/ nhu sau:
W = {u e W, (Q) : J(u) < d, I(u) > 0} u{o}, (4.2.3)
U ={uewy? (Q):J(u) <dI1(u) <0}, (4.2.4)

Bo dé4.5. (i) W la lan cin bi chin ciia O trong khong gian W&’P (Q), tiic la ton tai
cdc hang s6 duong 0 < r1 < rp sao cho B (0,71) C W C B(0,r3);
(i) 0 ¢ U;

(iii) E; C N va WNU = E,.

4.3 Nghiém dia phuong va nghiém toan cuc

Dinh ly 4.6. Cho truoc T > 0, ug € W&’p (Q) va m, p la cdc hiang sb théa (4.1.2).
Khi d6 ta c6 cdc khang dinh sau:

(i) Néu (m' —1)(qg —1) < p — 1 thi bai todn (4.1.3) cd nghiém yéu u trén [0, Tmax)
00i Tax = T théa U’ € L? (Qr) va

/Ot U () || dT + ] (u(t)) < J(ug), BIr. [0, Tenax), (4.3.1)

ml

trong do U (t) = Z—V,’ZH lu(t)] 2.
(i) Néu (m' —1)(qg — 1) > p — 1 théa
/

(m’—l)(q—1)<p—1—i—mnp khi p<n,

thi bai todn (4.1.3) c6 nghiém yéu u théa (4.3.1) trén [0, Tmax) 061 0 < Tyax <
T.
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4.4 Tinh chat tat dan ctia nghiém toan cuc

Dinh 1y 4.7. Cho trudc cic hang s6 m, p théa (4.1.2) va q > 2 sao cho

2

p—lg(m’—l)(q—1)<p—1+np_p khi p < n.

Khi do néu ug € W thi bai todn (4.1.3) ¢6 nghiém toan cuc u(t) théa
%) . 1p ! 2
uel (O,T,WO (Q)), U € L*(Qr).

Hon nita, u(t) thoa

1

!/

= P
[Vu(t)], < ( 2l (uﬁ)m, ) vii ¢ >0,
m' + (p—m')C] ¥ (uo)t

trong do C la hang so duong.

4.5 Tinh chat bung né tai thoi gian hiru han

Dinh 1y 4.8. Gid st ring cdc hing s6 m, p théa (4.1.2) va g > 2 sao cho

p2

h—=p

p—1<(m—-1)(g—1)<p—-1+ khi p < n.

Khi d6 néu ug € U thi nghiém ciia bai todin (4.1.3) khong ton tai toan cuc hay bing
né tai thoi gian hitu han, tirc la ton tai T, > 0 thoa

. m’
lim |Ju(t)]|,, = oco.
t—T,

4.6 Truong hop nang luong dau t6i han

Dinh ly 4.9. Cho trudc cdc hing so6 m, p thdéa (4.1.2) va g > 2 sao cho

PZ

1< I _ _ _
p—1<(m—-1)(g—1)<p 1+n—p

khi p <n.

Gid sir thém ring ug € Wg’p (Q) \{0} théa J(ug) = d. Khi do nghiém u(t) ciia

bai todn (4.1.3) ton tai toan cuc khi 1(ug) > 0 va bing né tai thoi gian hitu han khi
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I(ug) < 0. Hon nita, khi nghiém toan cuc ton tai ta cd ddanh gid

1

p—n’ .
)t) , Vot >t

P
PAm +wi(p—m'

IVu®)ll, < [Vu(t)]

vdi t; > 0va wq la cdc hang sé duong.

Nhan xét va ket luan Chuong 4
Dinh ly 4.6 cho ta thiy rang hién tugng buing né chi c6 thé xay ra khi
p-1<(m=1)(g-1) hay (m-1)(p-1)<q-1

Khi nang lugng dau J(uy) < d, ta nhan thay rang tap 6n dinh W 1a tap hop
ma trong d6 nang lugng khuéch tan troi hon nang lugng ctia ngudn logarit
va do d6 nghiém ctia bai toan ton tai toan cuc va tat dan khi ug € W; nguoc
lai tap khong 6n dinh I/ 1a tap ma trong d6 nang luong ctia ngudn logarit troi
hon va do dé nghiém cta bai todn bung n6 khi ug € U, xem Dinh ly 4.7 va
Dinh Iy 4.8.

Trong truong hop J(ug) = d, N 1a tap ma nang lugng khuéch tan troi hon
va N~ la tdp ma nang luong cua nguén logarit troi hon. Va do dé nghiém bai

todn ton tai toan cuc khi uy € Ny va bung né khi ug € N_, Dinh ly 4.9.
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KET LUAN

Nhing két qua méi da duoc trinh bay trong luan an bao gom:
1. Céc két qua dat dugc trong Chuong 2 bao gom:
(i) Tinh chat ton tai va duy nhat ctia nghiém dia phuong khi dit kién dau
1y € W, (Q), Pinh Iy 2.6.

(ii) Tinh chéat ton tai ciia nghiém toan cuc khi ug € W va tinh tat dan dai

s6 ctia nghiém khi | (ug) < M < d, Pinh ly 2.7.
(iii) Tinh chat bung nd tai thdi gian hitu han ctia nghiém khi 1y € U va
J(up) < M < d,DPinh ly 2.8.
2. Tiép theo, cac két qua dat dugc trong Chuong 3 bao gom:
(i) Véi dix kién dau ug € Wg’p (Q), tinh chét ton tai toan cuc va khong
toan cuc ctia nghiém phu thudc vao cac tham sé p va g, Pinh ly 3.4.

(ii) Tinh chat tat dan ctia nghiém toan cuc khi ug € W thda J(ug) < d,
Dinh ly 3.5.

(iii) Tinh chat bung nd tai thoi gian hiru han ctia nghiém khi 1 € U thoa
J(uo) < d, Dinh 1y 3.6.
3. Cubi cting, trong Chuong 4 ching t6i thu dugc cac két qua sau:
(i) Tinh chat ton tai ctia nghiém dia phuong va nghiém toan cuc khi wy €
W, (Q), Pinh 1y 4.6.
(ii) Tinh chat tat dan ctia nghiém toan cuc wy € W, Pinh ly 4.7.
(iii) Tinh chat bung né tai thoi gian hiru han ctia nghiém khi wy € U, Pinh

ly 4.8.
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(iv) Trong truong hop J(wp) = d thi nghiém yéu dia phuong ton tai toan
cuc va tat dan khi I(wg) > 0 va bung né tai thoi gian hiru han khi
I(wp) < 0, Pinh 1y 4.9.

Trén co s6 nhitng két qua da c6, dé két thuc, ching toi cling néu ra mot s6 van

dé c6 thé nghién cttu md rong nhu sau:
1. Nghién ctru tinh chat nghiém ctia bai toan trong truong hop J(ug) > d?
2. Nghién ctu truong hop ky di ctia cac bai todn trong luan an?

3. Nghién ctru cdc chidn trén va chan dudi cho thoi gian bung nd; nghiém
bung né & dau; toc do bung né ctia nghiém, dang diéu ctia nghiém tai
thdi gian bung nd va c6 thé md rong nghiém sau thdi gian bung nd hay

khong?
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