Ma dau

Ly thuyét vé phuong trinh vi phan, phuong trinh tich phan, phuong trinh vi tich phan 1a
mot trong nhing linh vic cd ban cta Giai tich toan hoc. Phuong trinh vi phan duge hiéu 1
mot phuong trinh cé chita ham chua biét (con goi 1& 4n ham) ciing véi cac dao ham ciia 4n
ham dé (dao ham thudng hay dao ham riéng), c6 thé chita ci cac bién doc lap clia an ham.
Néu dn ham 13 ham maot bién thi ngusi ta goi phuong trinh dé 1a phuong trinh vi phan thuong,
ngude lai, nhidu hon mot bién thi né duge goi 134 phuong trinh vi phan dao ham riéng, hay
né6i gon 13 phuong trinh dao ham riéng. Cap clia phuong trinh vi phan chinh 13 cip cao nhat
ciia dao ham ciia 3n ham (dao ham thudng hay dao ham riéng) xuit hién trong phuong trinh.
Phuong trinh tich phan, phuong trinh vi tich phan ciing duge hiéu tuong ti. Phuong trinh vi
tich phan khong chi ¢é chita dao ham (cé thé c6 dao ham riéng) ma con cé chita cé tich phan
(theo loai tich phan nao d6) ma dudi dau tich phan cé chita cic bién doc lap, bién lay tich
phan, 4n ham ciing véi cadc dao ham ctia &n ham dé. Phuong trinh vi phan, phuong trinh vi
tich phan déng vai trd quan trong trong khoa hoc k§ thuat va ca trong thyc té doi séng. Céc
phuong trinh nay thudng mo ta cac hién tugng xuat hién trong nhiéu linh viyc khac nhau: héa
hoc, sinh hoc, sinh thai hoc, vat 1y hoc, cé hoc,- - - (xem [C. Corduneanu, Integral equations and
applications, Cambridge University Press, NewYork, 1991], [K. Deimling, Nonlinear Functional
Analysis, Springer Verlag, 1985] va cac tai liéu trich dan trong dé.

Do tinh tng dung, do ban chit toan hoc chita dung trong cac két qud dat dugc tit viec
nghién citu cac md hinh thuyc té, ngay tit nhitng coéng trinh dau tién mo ti cac md hinh cia
vat 1y hoc, co hoc,- - - ma phuong trinh vi phan, phuong trinh vi tich phan tit truéc cho dén
nay da thu hit sy quan tam nghién ctu ciia cidc nha khoa hoc. Da c6 rat nhidu cong trinh
nghién citu vé tinh gidi dugc, nghia 13 nghién citu sy ton tai hoic khong toén tai nghiem ciia
phuong trinh, va nghién citu cac tinh chit c6 thé c6 clia nghiém ké ci nghién citu ciu tric
ctia tap nghiém, (xem [C. Avramescu, E. J. Qualitative Theory of Diff. Equ. 5 (2003) 1-15],
[T. A. Burton, Appl. Math. Letters, 11 (1) (1998) 85-88], [T. A. Burton, C. Kirk, Math. Nach.
189 (1998) 23-31], [S. Park, Vietnam J. Math. 27 (1999) 187-222] va céc tai liéu trich dan liet
ké trong d6). Thyc té cho thay riing, c6 nhidu dang phuong trinh vi phan, phuong trinh tich
phan, phuong trinh vi tich phan khéc nhau v khong c6 mot phuong phap chung nao dé giai
tat ca cac phuong trinh d6. Chinh vi thé, dé tai nghién citu ciia luan &n 1a can thiét, c6 ¥ nghia
1y luan va thuyc tién.

Tiép ndéi cac két qua da c6 cho phuong trinh vi tich phan, trong luan an nay ching toi
nghién cttu cAc phuong trinh vi tich phan cap 1, cAp m (m > 2) va cdp m + n nhan gia tri
trong khong gian Banach 1an lugt theo 3 dang sé duge néu ra & dudi day, cac két qua thu duge
13 méi lien quan dén sy ton tai nghiém va cic tinh chit cfia nghiém cho cac phuong trinh.

Dang 1

u(x) = g(x) + [ Hix,y,u(y), D)y + [ K(x,y,u(y), Diu(y))dy. 1)
Dang 2 '
u(x) = g(x) + [ H(x,y,u(y), Dyu(y),-- , Dyu(y)dy

(0.2)
+ [ KGry,u(w), Diuty), -, Dy u(y)dy.

Dang 3
u(x) = g(x) + [ H(x,y:u(y), DIDPu()dy + [ K(xyiu(y), DDYu(y)dy.  (03)

Cac dang phuong trinh ndy va cidc dang phuong trinh tuong ty da dugc nhidu tac gia
nghién citu bng phuong phap diém bat dong két hop céc cong cuy thich hop clia gidi tich ham



phi tuyén (xem [B. C. Dhage, S. K. Ntouyas, Nonlinear Studies, 9 (2002) 307-317], [L. T. P.
Ngoc, N. T. Long, Nonlinear Anal. TMA. 74 (11) (2011) 3769-3774], va céc tai liéu tham khao
c6 liet ke trong do).

Trong [A. M. Bica et al., J. Inequal. Pure and Appl. Math. 7 (5) (2006), Art. 173], stt dung
Dinh ly diém bét dong Perov, Bica vi céc cong syt di chitng minh sy ton tai duy nhat nghiem
va cac tinh chit khac ciia nghiém cho phuong trinh vi tich phan Fredholm cip 1 nhan gia tri
trong khong gian Banach E tuy ¥ nhu sau

b
x(b) :g(t)—i—/a F(t,5,x(s),2'(s))ds, t € [a,b], (0.4)

trong d6 f : [a,b] x [a,b] x E x E — E lién tuc va ¢ € C([a,b]; E) la cac ham cho trudc.
Trong [B. G. Pachpatte, Tamkang J. Math. 39 (1) (2008) 85-94], B. G. Pachpatte da nghién
cttu phuong trinh vi tich phan phi tuyén kiéu Fredholm cip n — 1 ¢6 dang nhu sau

x(t) = g(t) + /ubf(t,s,x(S),x/(s), oo, xm=D(s))ds, t € T = [a,b], (0.5)

trong d6 n € N, n > 2 va x, g, f 14 cAc ham nhan gia tri thyc. Gid st g € C(LR), f €
C(I?> x R";R), 1a cac ham kha vi lien tuc dén cdp n — 1 theo t trén tap xac dinh tuong ing
clia chiing. Véi cac gid thiét duge xay dung cho cac ham g, f cho trude, B. G. Pachpatte da
nghién citu sy ton tai, tinh duy nhét va cac tinh chit khac clia nghiém cho phuong trinh vi tich
phan . Trudc hét, bing cach bién ddi phuong trinh da cho vé phuong trinh diém bat dong
x=Tx véitoan t&¢ T :S — S va S la mot khong gian Banach duge xay dung dya trén mot
chuan kiéu Bielecki (ttc 14 mot loai chudn c6 trong), tac gid da ching minh duge T: S — S
13 anh xa co, tit d6 thu dudc sy ton tai duy nhat nghiém cfia phuong trinh. Tiép theo, sit
dung mot bat ddng thitc tich phan c6 danh gia nghiem tudng minh, tac gid ciing da thu dugc
cac tinh chat khac ctia nghiém ctia (0.5) nhu tinh duy nhat (nhiéu nhat moét nghiém), sy phu
thudc lién tuc ctia nghiém va chi ra duge cdc ddnh gia ctia nghiém theo cac ham cho truée véi
cac diéu kién thich hgp. Chi tiét vé xay dung khong gian Banach S trong [B. G. Pachpatte,
Tamkang J. Math. 39 (1) (2008) 85-94] nhu sau: V&i A > 0 14 hiing s6 duong cho trude, xét

khong gian S = {u € C""1(L;R) : supe Z;‘:ol ‘u(j)(t)’ < 400} duge trang bi mot chudn kiéu
tel

i i . — —Aty LG
Bielecki nhu sau [ju||g = stlg)e ijo ‘um(t)

,u €S, thé thi (S, ||-||s) 1 khong gian Banach.

Trong [B. G. Pachpatte, Differential Equations & Applications, 1 (1) (2009) 27-39], B. G.
Pachpatte tiép tuc nghién ciu phuong trinh vi tich phan kiéu Fredholm theo hai bién nhu sau:

a rb
u(x,y) = f(x,y) + / / g (x,y,s,t,u(s,t), Dyu(s,t), Dau(s,t)) dtds, 0.6)

JOo JO
trong d6 (x,y) € A = [0,a] x [0,b], a > 0, b > 0, f, g 1a cac ham cho trudc; u la 4n ham va
Dyu = zaTZ/ Dou = g—; 1an lugt chi dao ham rieng cap mot clia ham u (x,y), (x,y) € A, tuong
ting theo bién thit nhat va bién thit hai, ¢ day, truéc hét cac ham f, ¢ cho trude duge gia st
thoa diéu kien f € CH(A;R), g€ C(A? xR3%R) va D;g € C(A% x R%;R), i = 1,2. Dbi véi dang
phuong trinh vi tich phan theo hai bién nay, cAc phuong phap va kj thuat dugc sit dung trong
[B. G. Pachpatte, Tamkang J. Math. 39 (1) (2008) 85-94] da dudgc ci tién dé thu dugc cac két
qua tuong tu vé sit ton tai duy nhét nghiém v mot s6 tinh chat clia nghiém cho . bac biét,
ky thuat xay dyng khong gian Banach E dua trén cach chon chudn kidu Bielecki da duge tac
gid cai tién mot cach thich hgp tuong ting véi dang clia phuong trinh . Khong gian Banach
E={ucC(MR): sup e (lu(x,y)| + |Dru (x,y)| + |Dau (x,y)|) < +c0}, v6i chudn

(xy)en
[-lg (kiéu Bielecki) dugce xay dung trong [B. G. Pachpatte, Differential Equations & Appl. 1
(1) (2009) 27-39] cho béi: |[ulg = sup e ¥ (ju(x,y)| + |Dyu (x,y)| + |Dau (x,y)|), trong
(xy)en



d6 A > 0 1a hing s6 cho truéc.

Trong [A. Aghajani et al., Mathematica Slovaca, 66 (2016) 1207-1216], A. Aghajani va cac
cong st da chitng minh mot s6 két qua vé sut ton tai, duy nhat vi danh gia clia cac nghiém
clia phuong trinh vi tich phan kiéu Fredholm theo hai bién nhu sau, bang cach st dung dinh
ly diém bat dong Perov,

b pd
u(x,y) = f(x,y) + / / g (x,y,8,t,u(s, ), Dyu(s, t), Dou(s, t)) dtds. 0.7)

Trong [N. Lungu, I. A. Rus, J. Math. Inequalities, 3 (4) (2009) 519-527], Lungu va Rus
thiét 1ap mot sb6 két qua lien quan dén sy ton tai, duy nhét, cic bat ding thitc tich phan va
sy phu thuoc lién tuc ciia nghiem vao cac dit lieu cho trudc ciia phuong trinh tich phan kiéu
Volterra-Fredholm duéi day theo hai bién trong mot khong gian Banach nhd vao kj thuat toan
t Picard

u(x,y) = g(x,y,h(u)(x,y)) + /Ox/OyK (x,y,8,t,u(s,t))dsdt, (x,y) € RZ. (0.8)

Ap dung mot dinh 1y diém bat dong kidu Krasnosel’skii va véi cac gid thiét thich hop,
Purnaras [I. K. Purnaras, E. J. Qualitative Theory of Diff. Equ. 17 (2006) pp.1-24] da thu
duge mot s6 két qua vé su ton tai nghiém cho phuong trinh tich phan ham phi tuyén

)+ / s, x(0(s)))ds + (/Oy(t)v(t,s)g(s,x(n(s)))ds, telo,1, (0.9

trongdoE R, 0<y )<t 0<(7()<t;0§9(t)§t;0§77(t)§t,véimoit€[0,1].

Trong [C. Avramescu, C. Vladimirescu, Electronic J. Qualitative Theory of Diff. Equ. 25
(2005) 1-6], st dung mot dinh 1y diém bat dong kidu Krasnosel’skii, Avramescu va Vladimirescu
da chung minh sy ton tai nghiem én dinh tiém can cho phuong trinh

) =4q(t +/ (t,s,x(s ds+/ (t,s,x(s))ds, t >0, (0.10)

trong dé6 cac ham g, K, G la cac ham lién tuc cho trudc, nhan gia tri trong khong gian htu han
chidu R? v& thda cac diéu kién phi hop.

Purnaras ciing cho thiy céc k§ thuat dugc sit dung trong [I. K. Purnaras, Nonlinear Anal.
TMA. 71 (2009) 3914-3933] c6 thé dugc ap dung dé thu dugc két qui ton tai nghiem cho
phuong trinh sau

0]
t)=q(t)+ /a};; k(t,s)f (s, x(6(s)))ds
At o(s)
+//S(t) k(t,s)F (s,X(V(S)),/O ko (s,v,x(;y(z;)))dz;) ds, t € [0,1].

Trong trudng hop phuong trinh nhan gi tri trong khong gian Banach E tuy ¥, su ton tai
ctia nghiém 6n dinh tiém can cia phuong trinh

x(t) =q(t) + f(t,x(t)) + /OtV (t,s,x(s),/osvl (t,s,r,x(r))dr) ds

+(/000G <t,s,x(s),/(;sG1 (t,s,1,%(r)) d’) ds,

t > 0, da dugc ching minh trong [L. T. P. Ngoc, N. T. Long, Nonlinear Anal. TMA. 74 (18)
(2011) 7111-7125], béng céch xay dung mot khong gian Fréchet dua trén khai niém nita chudn
va st dung mot dinh ly diém bét dong kiéu Krasnosel’skii trong khong gian Fréchet.

Géan day, trong [P. H. Danh et al., Results in Math. 71 (1) (2017) 251-281], cac tac gia
Danh, Dung, Long, Ngoc da xét cac phuong trinh vi tich phan phi tuyén theo hai bién c6 dang
nhu sau

1 r1
u(x,y) =g(xy) + / / K(x,y,s,t;u(s, ), DI'u(s, t))dsdt, (0.13)
0 JO

(0.11)

(0.12)



1,1
u(x,y) =g(x,y) —l—/ / K(x,y,s,t;u(s,t), Df'u(s, t), Dyu(s, t))dsdt, (0.14)
0 Jo

trong d6 (x,y) € QA =1[0,1]x[0,1] vag: Q >R, K: Qx QO xR* 5 Rhoic K: O x QxR —

R la cac ham cho trude. Ky higu Df'u = $°4, Diu = 37»! lan lugt dé chi cac dao ham rieng

cap m > 1, n > 1 ciia mot ham u xac dinh trén ), déi véi bién thit nhat va bién thit hai. Céc
tac gid trong [P. H. Danh et al., Results in Math. 71 (1) (2017) 251-281], da nghién cttu sy ton
tai nghiém va tinh compact ctia tap nghiém cho trong cac truong hgp m = 1 hodac m > 2
va cho trong truong hgp m > 1 van > 1.

Trén co s3 cac cong trinh trén, luan an nghién cttu tinh gidi duge va tinh compact ctia tap
nghiém cho mot s6 phuong trinh vi tich phan ham phi tuyén cap 1, cAp m (m >2), cap m+n
theo nhiéu bién, lan lugt c6 dang , , . Viéc nghién cttu tap trung vao cac van dé
sau:

- Thiét 1ap cac khong gian ham méi tuong thich véi timg dang phuong trinh vi tich phan
ham phi tuyén v& chiing minh cac khong gian ham nay 1a khong gian Banach dong thsi dua
ra cac tidu chudn dé maot tap con trong méi khong gian ham nay 1 tap compact tuong déi.

- Su ton tai nghiém vA cac tinh chit clia nghiém nhu tinh duy nhit nghiém hozc tinh
compact ciia tap nghiém ddi vé6i titng dang phuong trinh. o) day, nghiém cta ciac phuong trinh
duge xem xét ca trong trudng hgp ching nhan gia tri trong khong gian Banach E téng quat
va trong trudng hgp E 1a khong gian thuec.

Bing cic phuong phap va ki thuat clia giai tich ham phi tuyén, trong dé cong cu chinh 13
phuong phép diém bt dong két hop véi viec thiét 1ap cac khong gian ham mdi, luan an da dat
duge muc tidu nghién cttu. Cau tric ctia lugn 4n gdm phan mdé dau, phan nodi dung chinh chia
lam bdn chuong (chuong 1 dén chuong 4) va cubi cung la phan két luan. Két qua thu duge cho
ba dang phuong trinh , , duge trinh bay chi tiét trong cac chuong véi noi dung
tém tét nhu sau.

(i) Chuong 1 thiét 1ap cac khong gian ham X, Xy, Xmy va chiing minh céc khong gian
ham nay la khong gian Banach ddng thoi dua ra céc tidu chudn dé mot tap con trong mdi
khong gian ham nay 13 tap compact tuong déi.

(ii) Chuong 2 xét phuong trinh vi tich phan ham phi tuyén 7 trong d6 g : QO — E,
H:AXE* - E K:QxQxE? - E la cac ham cho trude, & day E la khong gian Banach
téng quat véi chudn |||z, va A = {(x,y) € A x Q:y € By}, B = [0,x1] x - -+ X [0, xy]. Ky
hiéu Diu = 887”1 dé chi dao ham riéng cia ham u xac dinh trén ), theo bién thi nhit. Chuong

nay xét lan lugt theo cac trudng hop H = 0 va H # 0.

Trudng hgp H = 0, biing céch bién ddi phuong trinh vé dang phuong trinh toan ti,
ap dung nguyén ly anh xa co Banach, dusi mot so gia thiét phit hgp trén cdc ham cho trudc g,
K, sit ton tai duy nhat nghiém ctia trong X; dugc chitng minh. Tiép theo, 4p dung dinh
ly Schauder, véi cac gid thiét phit hgp trén cdc ham cho trude g, K, tinh khéc rdng va compact
clia tap nghiém clia trong X; dugc khing dinh.

Trudng hop H # 0, biing cach bién ddi phuong trinh vé phuong trinh diém bét dong
ciia téng 2 toan tit, mot todn tit co va mot toan tit hoan toan lién tuc, sit dung dinh 1y diém
bat dong Krasnosel’skii va thiét lap cac gia thiét trén g, H, K, tinh khac réng va compact cta
tap nghiém cuia trong X7 dugc chi ra.

(iii) Chuong 3 khéo sat phuong trinh vi tich phan ham phi tuyén , véig: Q) —E, H,
K:QxQxE"™! — Ela cac ham cho trude, E la khong gian Banach téng quat véi chuan
]l g- Ky hieu Diu = 317”,1’ chi dao ham riéng cAp i (i =1, -+ ,m) theo bién thi nhit ctia ham
u. V6i cung phuong phép nhu 6 truong hop H # 0 clia chuong 2, tap nghiém cta dugce



ching minh 1a tap khac réng vi compact trong X,.
(iv) Chuong 4 nghién ctu phuong trinh vi tich phan ham phi tuyén (0.3), véi x =
(x1,--,xn) € Q=1[0,1]V, trong dé g:Q—F, H K:QxQxE?— E la cic ham cho trudc,

~ N ~ . 2 P 2 2 . . a m-+n 1 m
E cing la khong gian Banach tong quét véi chuan ||| . Ky hieu D Dj'u = 7‘—?)(?,3& = 38751 <gx;1§f)

chi dao ham riéng cAp m + n theo hai bién ctia ham u, géom lay dao ham riéng cap m theo bién
thi nhat va sau dé 1y dao ham riéng cip n theo bién thi hai. Trén co s xay dung cac gia
thiét phut hgp trén cac ham cho truée g, H, K, v6i cling phuong phap nhu & truong hop H # 0
ctia chuong 2, tinh khéc réng va compact clia tap nghiém cla trong X, dugc ching
minh.

Sy ton tai nghiém va céc tinh chét clia cic tap nghiém tuong tng néu trén van con ding
khi xem xét khong gian Banach E trong trudng hop dic biet, E = R, nhung vdéi cac gia thiét
dugc giam nhe hon trong timg trudng hop cu thé. Cudi cac chuong 2, 3 va 4, cac vi du minh
hoa cac két qua dat dugce cho cac phuong trinh , , ing vé6i cac trudng hop E = R
va E = C([0,1];R) ctng dugc trinh bay.

Cac két qua tren day clia luan 4n la sy phét trién va ké thita cac két qua trong 6 bai béo
[D1]-[D6] da cong bd va 1 bai giii dang [D7] trén tap chi khoa hoc chuyén nganh. Mot phan
két qua ctia luan an va két qua lien quan da dudc bao céo trong cac hoi nghi:

- Dai hoi Todn hoc Vit Nam 1an thit 8, Nha Trang, 10-14/08/2013.

- Dai hoi Toan hoc Viét Nam lan thit 9, Nha Trang, 14-18/08/2018.

- Hoi nghi Khoa hoc 1an thit 10, Dai hoc Khoa hoc Ty nhién Tp. H6 Chi Minh, 11/11/2016.

- Hoi nghi Khoa hoc 1an th@ 11, Dai hoc Khoa hoc Ty nhien Tp. H6 Chi Minh, 09-
10/11/2018.

- Hai nghi Toan hoc Mién Trung-Tay Nguyén lan thtt 1, Quy Nhon, 12-14/08/2015.

- Hoi nghi Toan hoc Mién Trung-Tay Nguyén lan tht 2, Da Lat, 09-11/12/2017.

- Hoi nghi Toan hoc Mién Trung-Tay Nguyén lan thit 3, Buon Ma Thuot, 02-04/8/2019.

- Hoi nghi Toan quéc 1an thii 4 vé& Ung dung toan hoc, Pai hoc Kinh t& Quéc dan Ha Noi,
23-25/12/2015.

- Hoi nghi Khoa hoc "Toan hoc Giai tich va Ung dung", Dai hoc Hong Dtic, Thanh Hoéa,
26-28,/05,/2016.



Chuong 1
Cac cong cu st dung trong luan an

Chuong 1 chti yéu trinh bay viéc xay dung cac khong gian ham mdi phut hop véi cac
dang phuong trinh dé cap trong luan an. Trong chuong nay, cidc khong gian ham méi vita néu
sé dugc chiing minh 13 cac khong gian Banach, dic biét, cac tiéu chudn dé mot tap con la tap
compact tuong déi trong cic khong gian ham nay ciing duge thiét 1lap mot cach cu thé, ca
trong trudng hop téng quat va trong trudng hgp rieng. Ngoai ra, dé thuan tien cho viéc chiing
minh sy toén tai nghiém ciia cAc phuong trinh néu trong cac chuong 2-4, chuong nay ciing nhic
lai cac dinh ly diém bat dong nhu nguyén 1y anh xa co cla Banach, Dinh 1y Schauder, Dinh
ly diém bt dong Krasnosel’skii.
1.1 Khong gian X;
1.1.1 Thiét lap khéng gian ham X;

Cho Q = [0,1]N va (E, ||-||) 1a khong gian Banach. Xét X = C ((); E) 1a khong gian
Banach gom cac ham lién tuc tit Q vao E déi v6i chudn sau day

[ullx = sup [[u(x)||g, u € X. (1.1.1)
xeQ)
Thiét lap khong gian X; nhu sau
Xy = {ueX:Due X} (1.1.2)

R6 rang, ta ludn ¢6 CH(O; E) C Xq C X, nhung CY((;E) # X; va X; # X. That vay, cho
e1 €E, e1 #0.

(1) Xét u (x) =u(x1, -+ ,xN) (‘xl -5

ZHD e1, taco u € X, nhung u ¢ Xq;

- 1+1

(ii) Xét v =0 (x) = (xl

B6 dé 1.1.1 Xy la khong gian Banach doi vdi chudn
lullx, = llullx + 1Drullx, ue X (1.13)
1.1.2 Tiéu chuan dé€ mot tap con trong X; la tip compact twong d6i
B& dé dudi day sé chi ra mot tieu chudn dé mot tap con cia X; 1a tap compact tuong
déi trong Xj.
B6 dé 1.1.2 Cho F C Xy. Khi dd F la compact tuong dbi trong Xy khi va chi khi cdc diéu kién sau
ddy duoc théa man
(i) Vx € Q, cic tiap F(x) = {u(x) :u € F}
va D1 F(x) = {Dyu(x) : u € F} la compact tuong dbi trong E;
(if) Ve > 0,360 >0:Vx, x € O, |x — K| <(5:>sup [u(x) —u(x)]g <e,

tromg 46 taky hidu [u(x) — u(%)]g = Ju(x) - u(D)]g + | Drau(x) - Dyu()]l5.

Chd thich 1. Trong trudng hgp E 14 khong gian hitu han chiéu, mét tap trong E 13 compact
khi va chi khi né 1a tap déng va bi chin, nén diéu kien dé mot tap con trong X la compact
tuong dbi duge gidm nhe nhu sau, trong d6 diéu kien (ii) duge giit nguyén. Ta phat bidu lai
v6i E = R nhu sau.

B6 d¢1.1.3 Cho F C Xy = {u € C(Q;R) : Dyu € C(;R)}. Khi d6 F la compact tuong doi
trong X1 khi va chi khi cic diéu kién sau ddy duoc théa man

() IM>0: |lully, <M, VueF;
(i) Ve > 0,30 > 0:Vx, x € Q) |x — x| < = sup [u(x) —u(%)|g <¢,
ueF
trong dé ta ky hiéu [u(x) — u(x)]r = |u(x) — u(x)| + |D1u(x) — Dyu(%)|.

D e1, ta c6 v € X1, nhung v & C (O E).



1.2 Khong gian X,
1.2.1 Thiét 1ap khong gian ham X,,
Xét X = C((}; E) la khong gian Banach nhu & Muc 1.1.1. Dat
Xm={ueX:DiueX, i=1m} (1.2.1)
Chu ¥ ring trong truong hop E = R, N =2, ta c6 CL((;R) \ X # ¢, X \ CHHOLR) # ¢,
X NCHOLR) # ¢, v6i moi m =2,3,---
B6 dé 1.2.1 X, Ia khéng gian Banach ddi vdi chudn
lullx, = X || Diullx, u € X (1.2.2)
1.2.2 Tiéu chuin dé mot tap con trong Xy, 1 tdp compact tuong d6i
B& dé dudi day sé tiép tuc chi ra mot diéu kién can va di dé mot tap con trong Xy, 1a
tap compact tuong dbi.
B6 dé 1.2.2 Cho F C Xy,. Khi dé F la compact twong dbi trong X, khi va chi khi cdc diéu kién
sau ddy dugc thoa man
(i) Vx € Q, cic tip F(x) = {u(x) :u € F} va
D! F(x) = {Diu(x) : u € F}, i = 1,m la compact tuong déi trong E;
(ii) Ve > 0,36 > 0:Vx, x € Q, \x—x|<5$sup[ u(x) —u(x)]p <e,

trong do ta ky hiéu [u(x) — u(%)]g = [|u(x) —u(@)|| +): -1 ||Dl — Dyu(®)|g-
Chu thich 2. Trong trudng hgp E 1a khong gian hitu han chleu7 tuong tw nhu & Chua thich
1, cac diéu kién trong Bé dé 1.2.2 cling dugc gidm nhe nén Bo dé 1.2.2 duge phat biéu lai véi
E = R nhu sau.
B6 dé 1.2.3 Cho F C Xy = {u € C((;R) : Diu € C(O;R), i = 1,m}. Khi dé F la compact
tuong dbi trong X, khi va chi khi cdc diéu kign sau ddy duoc théa man
(i) IM>0: flullx, <M, VueF;
(i) Ve > 0,36 >0:Vx, x € Q) |[x — %| <6 = sup [u(x) —u(x)]p <e¢
ueF
trong d6 ta ki hiéu [(x) — u(®)|g = [u(x) — u(x)| + £, [Diu(x) - Dju(s)|.
1.3 Khong gian X, ,
1.3.1 Thiét 1ap khong gian ham X,,, ,
V6i E =R, xét X = C((};R) 14 khong gian Banach gom cdc ham lién tuc tit u : Q =
[0,1]N — R déi véi chuan

Jullx = sup [u(x)], u € X. 1.3.1)
Véim, n e N ta thiét lap khong gian ham X, nhu sau
X = {u € X: Diu= 3” € X, DDy = aa'fn*a]l; €X, i=1mj=1n}. (13.2)

Ta c6 céc bd dé sau day.

B6 dé1.3.1 Véi = [0,1] x [0,1], ta cé Xm,n NCYHOGR) # ¢, Xmu \ CHO,R) # ¢, CH{R)
\ Xin # ¢ 00 Xpn # C*(QGR) VEk=1,2,-

Chi thich 3. Tir B6 dé 1.3.1 ta suy ra Cm+”(0 R) G Xun G C(QUR). Mat khac, Bo dé
1.3.1 van dang véi Q = [0, 1] (N > 3). That vay, an nct (Q R) # ¢ hién nhién ding vi
¢ # C"(GR) C Xy NCHOLR); Xy \ CHOLR) # ¢ cling ding, vi ¢6 u € Xy, nhung

u ¢ CY(Q;R), ching han u = u(xy, -, xy) = e+t 4y N Jy, %)

2
xlxz X1+ +xN

Mait khac, xét hamv(xl,---,xN)—{ +2+e x€Q x£0,

1

, x=0.
Dé kiém tra lai ring v € C!(Q;R), nhung v ¢ Xq1. O



B6 dé 1.3.2 X, 1 khong gian Banach d6i vdi chudn
lullx,, = o | Diully + Sy | DADY ||, 1 € X (1.3.3)
1.3.2 Tiéu chuin dé mot tap con trong Xy, , 1a tip compact tuong ddi

Tiép theo, bd dé dudi day sé cho ching ta mot diéu kién can va dia dé mot tap con trong
Xmn 12 compact tuong ddi.

B6 dé1.3.3 Cho X = C((;R), F C Xy Khi d6 F 1a compact tuwong doi trong Xy n khi va chi
khi cdc diéu kién sau ddy duoc théa man

(i) IM>0:ully,, <M VueF;
(i) Ve > 0,36 >0:Vx, T € Q, |x — % < § = sup [u(x) — u(®)]mn <&,
ucF
trong 6 [u(x) — u(X)|mn = Xl | Diu(x) — Diu()| + £y ‘D’zDTu(x) - DéDiﬂu(f)‘ .

Chi thich 4. Céc B3 dé 1.3.2, Bd dé 1.3.3 vé6i E = R da dugc thiét lap va ching minh trong
[D3]. Hai bd dé nay sé dugc mé rong thanh hai Bé dé 1.3.4, 1.3.5 nhu dudi day, khi xem xét
E 1a khong gian Banach tdng quét chita trusng hgp E = R nhu 1a trudng hgp rieng.

Vé6i X = C((; E) va m, n € N, xét khong gian ham X, , nhu sau

Xpmn ={u € X:Diu€ X, DyDM"u e X, i=1,m; j=1,n}. (1.3.4)
B6 dé 1.3.4 Xy, la khong gian Banach d6i vdi chudn
lullx,,, = ko | Diull + Sy | DADY ||, 1w € Xinr (135)

B6 dé 1.3.5 Cho X = C(O;E), F C Xyyu. Khi d6 F 1o compact tuong dbi trong Xy, n khi va chi

khi cdc diéu kién sau ddy duoc théa man

(i) Vx € Q, cic tip F(x) = {u(x) :u € F}, DiF(x) = {Diu(x):u e F},i=1m

va DYDY F(x) = {D,DI'u(x) :u € F}, j=1,n la compact tuong ddi trong E;

(i) Ve > 0,30 > 0:Vx, x € Q, |[x — | < 6 = sup[u(x) — u(%)|mn <&,

ueF

trong 46 [11(x) — (%) mn = Lo | Diu(x) = Diu(®)||, + Ty | DADYu(x) — DDy u(s)|| -
14 Cac dinh ly diém bat dong st dung cho luan an

Sau day 13 phan nhéc lai cac dinh 1y diém bt dong dudc s dung trong luan an.
1.4.1 Nguyén ly anh xa co cua Banach

Pinhly 1.4.1 (xem [K. Goebel, W. A. Kirk, Topics in metric fixed point theory, Cambridge
University Press, NewYork, 1990])

Cho (X, d) la khong gian metric day diiva U : X — X la dnh xa co, nghia la ton tai k € [0,1) sao
cho d (Ux, Uy) < kd (x,y), véimoi x, y € X. Khi d6 U c6 duy nhat mot diém bat dong x* € X. Hon
nita, vdi méi xo € X cho trudc, day lip {U"xo} hoi tu vé x*.

1.4.2 Pinh ly Schauder
Pinhly 1.4.2 (xem [M. A. Krasnosel’skii, P. P. Zabreiko, Geometrical Methods of Nonlinear
Analysis, Springer-Verlag, Berlin Heidelberg NewYork Tokyo, 1984])

Cho K la tdp con khdc réng, 16i, dong ciia khong gian Banach E va T : K — K i dnh xa lién tuc sao

cho bao déng T(K) ctia T(K) la tdp compact. Khi d6 T c6 it nhdt mot diém bit dong.
1.4.3 Dinh ly Krasnosel’skii trong khong gian Banach

Pinh 1y 1.4.3 (xem [E. Zeidler, Nonlinear Functional Analysis and its Applications, Part 1,
Springer-Verlag, NewYork, Berlin, Heidelberg, Tokyo, 1986])

Cho M la tdp con khdc réng, 16i, dong va bi chin ctia khong gian Banach X. Gidsirrang U : M — X
la mot dnh xa cova C : M — X la todn tir compact, nghia la C lién tuc va C(M) chita trong mot tdp
compact (hay néi cich khic C la todn tir hoan toan lién tuc) sao cho U(x) + C(y) € M, Vx,y € M. Khi
do U + C o0 diém bit dong.




Két luan chuong 1

Chuong 1 da xay dung dugc cac khong gian Banach X7, X, v Xy, . Cac khong gian ham
nay hoan toan méi, trong d6 C'(Q; E) 1a khong gian con that su cia Xi; cdc khong gian X,
X khac véi cac khong gian CK(Q); E), v6i k = 1,2,- - - . Cac khong gian ham nay sé dugc sit
dung trong viéc chitng minh sy ton tai nghiem clia cac phuong trinh dé cap trong cac chuong
tiép theo ciia luan an, tit d6 xem xét céc tinh chat c6 thé cé ciia cac nghiem.
Chuong 2
Khao sat phuong trinh vi tich phan phi tuyen cap 1

Chuong nay khao sat phuong trinh vi tich phan phi tuyén cip 1 c6 dang:

u(x) = g(x) + A_H(x,y;u(y),Dlu(y))dy + /QK(x,y;u(y),Dlu(y))dy, (20.1)

voi x = (x1,-+,xn) €Q=[0,1]N, trong d6 g¢: Q — E, H: AxE> - E,K:QxQxE? - E
la cdc ham cho trudc, E 1a khong gian Banach véi chuan |||, va A = {(x,y) € Qx Q:y € By},
By =1[0,x1] X -+ x [0, xn]. Ky hieu Dju = 837“1 chi dao ham riéng ctia ham u x4c dinh trén Q,
theo bién thit nhat. Trudc hét, syt ton tai nghiém clia phuong trinh sé duge quan tam nghién
cttu va sau d6 xem xét cac tinh chét c6 thé cé clia nghiem.

Thong thudng, dé xtt 1§ phuong trinh vi tich phan cé chita dao ham rieng Dqu ciia an ham
u ngudi ta thudng sit dung khong gian ham C!(Q; E) dé tim nghiem. Tuy nhién, c6 mot cach dé
gidm nhe viéc sit dung khong gian C'(Q; E), bing céch thiét lap mot khong gian Banach phit
hogp 1a Xj nhu da trinh bay ¢ muc 1.1 ctia chuong 1 va tim nghiém trong khong gian ham nay.
Day thuc su la mot sy gidm nhe nhu mong mudn vi ta chi ra duge CH (G E) & X4 & C(;E);
dong thai ciing chi ra dugc mot tieu chudn dé mot tap con la tap compact tuong dbi trong
khong gian ham nay, gitp cho viec a4p dung cac dinh ly diém bat dong mot cach phi hop dé
ching minh phuong trinh ton tai nghiém. Tiéu chuan dé chinh 1 noi dung ciia Bé dé
1.1.2.

Chuong 2 s& xét hai trudng hgp déi véi H va trong toan bo chuong nay, cic khong gian
Banach X = C((;E) va X1 = {u € X: Diu € X} dugc dinh nghia nhu trong Muc 1.1 cta
Chuong 1 sé dudc st dung dé xem xét sy ton tai nghiém ciia phuong trinh . Véi truong
hop H = 0, nguyén ly anh xa co dudc 4p dung dé ching minh sy ton tai duy nhat nghiem.
Ngoai ra, Dinh 1y Schauder ciing dudc ap dung dé chitng minh phuong trinh ton tai nghiem
va tap nghiém 1a tap compact. Véi trudng hop H # 0, dinh 1y diém bat dong Krasnosel’skii
dugce st dung dé chiing minh phuong trinh ton tai nghiém va ciing chi ra duge tap nghiem ciia
phuong trinh 1a tap compact. Dé minh hoa cac két qua thu dugc, chuong nay ciing trinh bay cac
vi du cho phuong trinh (2.0.1)) tuong tng véi truong hop E = R va trudng hop E = C([0,1]; R).

Toan bo noi dung clia chuong 2 13 sy téng quat héa cac két qua da cong bd trong cac bai
bao [D1], [D4], [D5] va da gui dang trong [D7].

2.1 Khao sit phuong trinh nhan gia tri trong khong gian Banach E véi H =0
Khi H = 0, phuong trinh trd thanh
n(x) = g(x) + [ K(x,y;u(y), Dyu(y)dy, 1)

v6i moi x € Q= [0,1]N, trong d6 ¢: QO — E, K: Q x Q x E2 — E 1a cAc ham cho trudc.
Truéc hét, véi cac gid thiét thich hop, ta sé chi ra phuong trinh c6 nghiem duy
nhat. Thanh 1ap cac gia thiét sau:
(G) geXy;
(K1) K€ C(QxQxE%E), D1K € C(Q x Q x E%E),
va ton tai cAc ham khong am ko, k1 : Q) x QO — R sao cho céc didu kién sau day dugc théa man




(i) B=sup /[ ko(x,y)dy+ sup/ ki(x,y)dy <1,
xe0/Q xe0/Q

(i) [K(x,y;u,0) = K(x,y;1,0)||p < ko(x,y) ([u = al[g + [[o = 2l|g),

(ii) I1D1K(x, y;u,0) = DiK(x, y;2,0)|[p < k1 (x,y) ([u — @l + [[o - 2[|g),
V(x,y) € QAx O, V(u,v), (4,7) € E2.
Khi dé6, ta ¢6 dinh 1y sau
Dinh 1y 2.1.1 Cho g, K thda cdc gid thiét (G), (K1). Khi d6 phuong trinh (2.1.1) c6 nghi¢m duy
nhit trong Xy.
Tiép theo, ta s& chi ra véi cac gia thiét thich hop, phuong trinh (2.1.1)) ton tai nghiém va
hon nita tap nghiém con 13 tap compact. Ta thanh lap cac gia thiét sau:
(K1) KeC(QxQxE%E), D1K € C(Q x Q x E%LE),
va ton tai cac ham khong am kg, k1 : Q x O — R sao cho cac diéu kién sau day dugc thoéa méan

i) B= ko(x,y)d kq(x,y)dy < 1,
i B igg(/o o(x y)wigg/o 1(x, y)dy

(i) (K yu0)|p <ko(xy) 1+ [lullg +[lollg), V(xy) € Qx Q, V(u,0) € E;
(i) | D1K (x50, [ < Fr (x,9) (14 Julle + [0]1), ¥(x,) € O x O, ¥(w,0) € B
(K3) K, D1K:Q x Q x E2 — E, 1a hoan toan lién tuc sao cho véi moi tap con bi
chan ] ctia E2, v6i moi € > 0, ton tai 6 > 0, sao cho
Vx, x€Q, |[x —%| <d = ||K(x,y;u,v) — K(X,y;u,0)| ¢
+ |D1K(x, y;u,0) — D1K(%, y;u,0)||p <€ V(y,u,0) € QX ].
Trén co sG cac gia thiét nay, bing cach 4p dung dinh ly diém bat dong Schauder, ta thu
dugc két qua sau:
Pinh 1y 2.1.2 Cho g, K thda cdc gid thiét (G), (K1), (Ka). Khi do tip nghi¢m ciia (2.1.1)) la khdc
rong va compact trong X.
2.2 Chi y vé phuong trinh (2.0.1) nhén gia tri thuc véi H =0
Xét phuong trinh (2.1.1) véi E =R, trong d6 ¢: Q — R, K: O x QO x R? — R la céc
ham cho trude. Trong trudng hop nay, ta ¢6 X = C((;R) va X3 = {u € X : Diu € X} la cac
khong gian Banach ting véi E = R.
Thiét lap cac gia thiét:
(G') geXy
(K}) KeC(QxQxR%LR), DiK € C(Q x Q x R4 R),
vA ton tai cAc ham khong am kg, k1 : QO X Q) — R sao cho cac diéu kién sau day dugc thoa
man:

(1) B=sup /[ ko(x,y)dy+sup | ki(x,y)dy <1,
xeQ/Q xeQ/Q

(i) [K(x,y;u,0) — K(x,5:,0)| < ko(x,y) (|u — ] + [0~ 3],

(iii) [D1K(x, y;u,0) — D1K(x,y;@,0)| < k1(x,y) (|u —a|+ v —2]),
V(x,y) € QAxQ, V(u,0), (4,7) € R%;
(K)) KecC@QxQx R%R), D1K € C(Q x Q x R%R),
va ton tai cac ham khong am kg, k; : Q x O — R sao cho cac diéu kién sau day dugc thoéa man

(i) B=sup / ko(x,y)dy + sup / ki(x,y)dy <1,
xeQ) Q xeQ) Q

(ii) |K(x,y;u,0)| < ko(x,y) (1 + |u| + |o]), ¥(x,y) € QA x Q, V(u,0) € R?,
(iii) |D1K(x, y;u,0)| < ki(x,y) (1 + |u| + |0]), V(x,y) € Q x Q, ¥(u,v) € R2.
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Khi d6, ta c6 cac két qua sau
Pinh 1y 2.2.1 Cho g, K théa cdc gid thiét (G'), (K{). Khi d6 phuong trinh cé nghiém duy
nhat trong X;.

Pinh ly 2.2.2 Cho g, K théa cic gid thiét (G'), (K}). Khi d6 tap nghiém ciia la khdc réng
va compact trong Xj.

Chii thich vé Dinh ly 2.2.1 va 2.2.2. Cac Dinh Iy 2.2.1 va 2.2.2 1an lugt 1a cac trudng hop
rieng clia cac Dinh 1§ 2.1.1 va Dinh 1y 2.1.2 tuong tng v6i E = R. Trong phat bidu va chiing
minh Dinh 1y 2.2.2, khong can c6 gia thiét tuong tu nhu (K;) béi vi, dé kidm tra tap F = A(Bpy)
la compact tuong déi trong X, Bé dé 1.1.3 dugc ap dung thay vi B8 dé 1.1.2, trong dé ta biét
la diéu kien (i) ctia B dé 1.1.2 da dugc gidm nhe.

2.3 Khao sat phuong trinh nhan gia tri trong khong gian Banach E véi H # 0
Dé khio sat syt ton tai nghiém va tinh chit cia nghiém ciia phuong trinh , cac
gia thiét cho g, H, K sau day dugc thanh lap:
(G) ge€Xy;

(Hy) H € C(AxE?%E), D1H € C(A x E%E) va ton tai cdc ham s6 khong am hg, hy : A — R

sao cho théa man cac tinh chit sau:

) [H(x,y;u,0) — H(x,y;,0)||p < ho(x,y) [[lu — al|g +||o —2||g],

(i) |D1H(x,y;u,0) = D1H(x,y;2,0) || < ha(x,y) [[lu — allg + [[o — 0[]
Y(x,y) € A, Vu,v,i,0 € E;

(K1) Ke C(QxQxE%LE), D1K € C(Q x Q x E%E) va tdn tai cac ham s6 khong am ko,

k1 : Q3 x Q — R sao cho théa man cac tinh chat sau:
@) K, y;u,0)|p <ko(x,y) (L+ |[ullg + o).
i) ID1K (x50, < () (L e+ [0]1), ¥(x,) € Q% O, Va0 € E;
(K2) K, D1K:Q x Q x E? — E 14 hoan toan lién tuc sao cho véi moi tap con bi
chin | cla E2, véi moi € > 0, tdn tai 6 > 0, sao cho
Vx, € Q, |[x —%| <§ = ||K(x,y;u,v) — K(X,y;u,0)| ¢
+||D1K(x, y;u,v) — D1K(%, y;u,0)||p <& Y(y,u,v) € QX J;

(HK) B, + B, < 1, trong dé6
B, — ho(x, v)d ho(x, %1,y )dy’ hy(x,v)dy |,
b1 sup f. o(xy)y+igg{/3 o(xxly)yf/Bx 1(%,y) y}

B, = sup / ko(x, y)dy + sup / k1 (x,y)dy.
xeQ/Q xeQ/Q

!

Khi do, ta cé dinh 1y sau.
Dinh 1y 2.3.1 Cho g, H, K théa cdc gid thiét (G), (Hy), (K1), (Kz), (HK). Khi dé tdp nghiém ciia

1a khdc réng va compact trong X .
24 Chdy vé phuong trinh (2.0.1) nhan gia tri thuc véi H # 0
Xét phuong trinh (2.0.1) véi E = R, trong d6 ¢ : Q — R, H: AxR*> —» R, K :
QO x O x R2 = R 1a cac ham cho trude. Ta thanh lap cac gia thiét cho g, H, K sau:
(G') g€ Xy
(H}) H € C(AxR%R), D1H € C(A x R%R) va ton tai cdc ham sé khong am hy, hy :
A — R sao cho cac tinh chat sau dugc thoa méan:
() [H(x,v51,0) — Hix,y:1,0)] < ho(x,y) [Ju — ] + [0 — o],
(i) |DyH(x,y;1,0) — DyH(x,y3,9)] < Iy (x,) (ju— 1]+ [o — 9]
Y(x,y) € A, Vu,0,4,0 € R;
(K)) K€ C(QxQxRER), D1K € C(Q x Q x R4 R) va ton tai cac ham s khong am
ko, k1 : Q0 x O — R sao cho thdéa man cac tinh chét sau:
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(i) [K(x,y;u,0)] <ko(x,y) (1+ |u|+[v]),

(ii) |ID1K(x, y;u,0)| < ky(x,y) (1 + |u|+|v]), Y(x,y) € QA x Q, Yu,v € R;
HK)" B+ B, <1, trong d6

(HK)" B, ﬁz g

B, = sup ho(x y)dy + sup (/ ho(x, x1,y')dy’ +/ hl(x,y)dy) ,
xeQ) xeQ) B By

B, = sup / ko(x,y)dy + sup / ki(x,y)dy.
xeQ’/Q xeQ’/Q

Khi dé, ta c6 két qua sau.

Dinh Iy 2.4.1 Cho g, H, K théa cic gid thiét (G'), (H}), (K), (HK)'. Khi dé tip nghi¢m cila
(2.0.1) 1a khic réng va compact trong X;.

Chd thich vé Dinh Iy 2.4.1

Dinh ly 2.4.1 1a mot trudng hgp riéng cta Dinh 1y 2.3.1 v6i E = R. Trong phat biéu va
chitng minh Dinh ly 2.4.1, ta khong can c6 gia thiét tuong tu nhu (Kp). Ly do la, dé kiém tra
tap F = C(By) la compact tuong déi trong X;, B8 dé 1.1.3 duge ap dung thay vi BS dé 1.1.2,
trong do ta biét 1a didu kién (i) ctia B6 dé 1.1.2 da dugc gidm nhe.
2.5 Cac vi du minh hoa

Phan nay trinh bay sau vi du minh hoa cac két qua dat dudc trong cac Muc 2.1 - 2.4 néu
trén déi véi phu’dng trinh 1) 6 cac dang cu thé nhu sau, tuong tng véi trudng hop E = R,
E=C([0,1;R
251 Vidu cho phu’dng tr1nh voi E =R

Xét phuong trinh ing véi E R:

u(x,y) = g(x,y) +/ / (x,y,s,t;u(s, t), D1u(s,t))dsdt

—l—/ / x,Y,8, 5 u(s,t), Diu(s, t))dsdt,
v6i moi (x,y) € Q=01 trong d6 g: Q = R, H: AxR?> - R, K: QO x QO x R? - R la cac
ham cho truéec va A = {(x,y,5,t) €QxQ:0<s<x,0<t <y}

Vi du 2.5.1 Xét phuong trinh (2.5.1) véi H = 0 va cac ham g, K dugc cho béi

K(x,y,5,1,0) = k(x,y) [4th”sm () 707 cos (52 |

3(xy) = uo(xy) — (it + e ) K(xw),
trong dé ) 3
up(x,y) = e +xM |y — ", k(x,y) = x|y — |2,
VA O, Y, & Yo, Y1, & T2, 1 12 céc hing s6 duong thdéa man
0<a &<l, 0<72<1<71,0<’y2<1<’”yl,

47 ((1+¢7)2 + (1+7) ) max{&72,(1— &)} < 1.
Chi § réing ug(x,y) = e* +x7 |y — a|"2, Dyug(x,y) = ¥ +7;xM 7y — |2, vithé up € Xp
va ug(x,y) > 1, Dyug(x,y) > 1.
Chung ta sé kiém tra lai réing cac gia thiét (G’), (K{) ctia Dinh ly 2.2.1 dugc théa man.
B6 dé 2.5.1 Cho cdc hing s6 duong «, y,, 1 théamin 0 < a < 1,0 < 7, < 1 < ;. Khi dé

(2.5.1)

xM |y — o] < max{a”, (1 —a)7?}, Vx,y € [0,1],
M7y — a7 < max{a”2, (1 —«)"2}, Vx,y € [0,1].

IN A
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Vi du 2.5.2 Xét phuong trinh (2.5.1) v6i H = 0 va cac ham g, K nhu sau
K(x,y,s tu,0) =k(x,y)Ki(s, t;u, z;)
g(x'y) = uO(x'y) -2 ((1+7)2 + (1+’y) ) k(x/]/)'
trong dé

D) = Ju] 23 [0
Ky (S/ t; M'U) =s7t7 l:uo(s,t) + uo(us,t)’ + 5Tt Dyug(s,t) + D1ug(s,t)

ug(x,y) = e+ |y —a|”, k(x,y) =1 |y —a”,
VA O, Y, & Yo, Y1, & T, Y1 12 chc hing s6 duong thoa méan
O<a,a<l, 0<72<1<71,0<'72<1<'71,

) max{a”, (1 —&)"} < 1.

3/5:|

4 (<1+v)2 T
Chi ¥ rang ug € X; chinh 1a ham ug & Vi du 2.5.1, nén ching ta s dung cac tinh chat c6
duge chia ug (x,y) v Diug (x, y) nhu trong Vi du 2.5.1.
Ching ta sé kiém tra lai rang cac gia thiét (G'), (K{) ctia Dinh ly 2.2.2 la dtng.
Vi du 2.5.3 Xét phuong trinh (2.5.1) v6i cac ham g, K, H dugc cho béi

H(x,y,s,t;u,0) = k(x,y) |4s7t% sin <2u”(5 )) + s7t7 cos (%)] ,
K(x,y,s t;u,v) = k(x,y)Ki(s, t,u,v),

o+1,0+1 +1,,7+1
g(x,y) = uo(x,y) — (FHH— + EE  k(x,y)

trong dé
Ki(s, t,u,v) = s7t7 {Ll) +

ug (st

L PR3 Ty o] .35
ug(s,t) ’ +s't Dyug(s,t) + ’Dluo(sﬁ‘ ’
uo(x,y) = e +xM |y —al”, k(x,y) =x" [y — a2,
VA O, Y, & Yo, Y1, & T2, 71 12 céc hiing s6 duong thdéa man
O<[X,l‘i<1,0<’)/2<1<’)’1,0<"}”2<1<’71,

‘Bl +BZ <2 [(1+7T) (1+’7’1) ((1+‘7)2 + (1+’Y) )

+7T (H% + m)} max{&72, (1 — &)} < 1.

Cha ¥ rang ham ug € X; giébng nhau & Vi du 2.5.1, nén chiing ta st dung céac tinh chit c6
dude cta ug (x,y) vd Diug (x,y) nhu trong Vi du 2.5.1.

Ham K (x,y,s,t;u,0) =k (x,y) Ky (s,t,u,v) gidbng nhau & Vi du 2.5.2, nén K théa méan gid
thiét (K}).

Ching ta sé kiém tra lai ring cac gia thiét (Hj), (HK)' la dang. O
2.5.2 Vidu cho phuong trinh v6i E = C([0,1]; R)

Xét phuong trinh ting v6i E = C([0,1];R);

X

I
u(x,y) =g(x,y) + /O '/OyH(x,y,s, t;u(s,t), Dyu(s, t))dsdt

11
—|—/ / K(x,y,s,t;u(s,t), Dyu(s, t))dsdt,
0 J0
v6i moi (x,y) € Q= [0,1], trong d6 ¢: Q — E, H: AXE> - E, K: QO x Q x E? — E la cac
ham cho trude va A = {(x,y,5,t) € A x Q:0<s<wx, 0<t <y} Ky hieu Dju = % chi dao
ham riéng ctia ham u xac dinh trén (), theo bién thit nhét.
Chi y rang E = C([0,1];R) 1a khong gian Banach gom tat c cac ham lién tuc v : [0,1] — R

(2.5.2)
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véi chuan
o]y = sup [o(r)
0<n<1
Véi mdi u € X = C(O;E) va (x,y) € Q, u(x,y) 14 mot phan tit ctia E. Dé thuan tién, ta
st dung ky hiéu sau:
u(x,y)(n) =u(x,y;n),0<n <1
Vi du 2.5.4 Xét phuong trinh (2.5.2) véi H=0vacacham g: Q — E, K: Qx Qx E?> — E
dugc cho bdi
(i) Him K :
K:QxQxE>—E
(x,y,8,t;u,0) — K(x,y,5,t;u,0),

K(x,y,5,,0)(7) = k(x,57) [(5t) sin (50 ) + (st)% cos (5205 Y ]
0<y <1, (xystuv) € QxQxE? véi

,v € E.

kZUO Q*)E
K(xyin) = o [y — ™,
wo(x, ;1) _m[’(+y+x71|y—a\72},0§11§1,(x,y)e()

(ii) Ham g: QY — E,
8(x,y;m) = wo(x,y;1) — ((1+“0)2 + Tray )k(x,y;ﬂ),
0<y5 <1, (xy) €Q, trong d6 &, v1, Y2, & ¥1, 2, 0, ®1 l& cac hing sé duong théa man
O<DC,5(<]. 0<72<1<’)’1,0<’72<1<;};1,

71+ 7) (e + ey ) max{@®, (1-2)™) < 1.

Chiing ta s& kiém tra lai ring céc gia thiét (G), (K1) ctia Dinh 1y 2.1.1 1a ding.
Vi du 2.5.5 Xét phuong trinh (2.5.2) véi H=0vacacham g: Q — E, K: Qx Qx E?> — E
nhu sau
(i) Ham K :
K:QOxQxE>—E
(x,y,s,t;u,v) — K(x,y,s,t;u,0),

1 1/4 1 1/3
. _ . u(g) o(%)
K(x/]// S/ t/ urv)(ﬂ) - k(x’y’ 7]) |:(St)“0/0 wo(s,t;@)‘ d€+ (St)“l /0 (W) d€:| !

0<n<1, (xystuv)€QxQx E? trong do

k,wy: Q) — E

k(x,y;m) = mx% ly— a2,

wo(x, 1) = i [¥ +aM |y —a|],0< 7 <1, (v,y) €Q

(ii) Ham g: QY — E,
g yim) = wo(x,yin) — | e + Ty | KGxowim),

0<#5 <1, (xy) €, trong d6 &, v1, Y2, & ¥1, 2, 0, #1 l& cac hing s6 duong théa man

O<IX,D~C<1 O<’}/2<1<')/1,0<"~)/2<1<'7/1,

40+ 71) [ + (e | max{@®, (1- @)} < 1

Ta s& chitng minh ring cac gid thiét (G), (K1), (K2) ctia Dinh ly 2.1.2 1a dtng.
Vi du 2.5.6 Xét phuong trinh (2.5.2) v6i cac ham ¢ : Q — E, H: AxE?> — E, K :
QO x Q x E2 — E dugc cho béi
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(i) Ham H :
H:AxE2—>E
(x,y,s,t;u,0) — H(x,y,s,tu,0),
. 2
H(x,y,s,t;u,0)(n) = k(x,y;77) [(St)"‘0 sin (%) + (st)*1 cos (%)] '
0<n<1, (xystuv) €AxE? véi
k, wy:Q — E,
k(x,y5m) = piypx™ [y — &,
wo(x, ;1) = 5 [ +am |y —af?],0< 7 <1, (x,y) € Q
(ii) Ham K :
K:QOxQxE2—E
(x,y,s,tu,v) — K(x,y,s,tu,0),

ol 1/4 ol 1/3
. _ . 4 4
Kl 6,0 1) = ko) | (0% [ |G [+ e [ (5l ) e,
0<n<1,(xystuv)€QxQxE? trong d6 k(x,y;1), wo(x,y;1) duge xac dinh nhu trén.
(iii) Ham g : QO — E,
ap+1 aq+1
8Ceyim) = wolxyim) = |k + ey + i + S | ki),

0<n <1, (xy) €, trong d6 &, 1, Y2, & Y1, ¥2, %0, &1, &g, 1 1a cac hing s6 duong thoa
man

0<a,8<L,0< Y <1<7,0< 9 <1<y,
[ (Gt + ™) + gt + ] max(a™ (1 -8} <1
_ Ta s& chiing minh réng cac gia thiét (G), (Hy), (K1), (K2), (HK) ctia Dinh 1y 2.3.1 la dting.
Két luan chuong 2
Chuong 2 da khéo sat phuong trinh 1an lugt theo cac trudng hop H = 0 va H # 0.
Trudc hét, bang viec thiét lap mot s gid thiét phu hgp trén cadc ham cho truse g, K, 4p dung
nguyén ly anh xa co ctia Banach, sy ton tai duy nhit nghiém cta trong Xj ttrdn
i

v6i H = 0 dugce chitng minh. Tiép theo, tinh khac réng va compact clia tap nghiém ciia (2.0.1
trong X; dugc khang dinh nhd vao viec xay dung céc gid thiét tren g, H, K va stt dung cac
dinh 1y diém bat dong phit hgp nhu dinh 1y Schauder (trong trudng hgp H = 0) va dinh ly
Krasnosel’skii (truong hgp H # 0). Cudi chuong 2 1a cac vi du minh hoa cac két qua dat dugc
ctia chuong tng véi cac truong hop E = R va E = C([0,1]; R).

Chuong nay da tdng quéat hoa cac két qua da cong bd trong [D1], [D4], [D5] va dang gt
dang trong [D7]. Chi tiét hon, trong D 1], phuong trinh dudc xét vé6i sd bién 1a 2 va
E = R. Trong [D4], phuong trinh ciing dugc xét véi E = R nhung md rong xét trong
truong hop N bién. Bai bao [D5] xét phufdng trinh v6i H=10, N =2 va E la khong
gian Banach tdng quat.

Cac phuong phap va kj thuat néu trong chuong 2 c6 thé ap dung dé khéo sat sy ton tai
nghiém ctia phuong trinh ¢6 dang sau, tuy nhién, day van con 1a bai toan md:

u(x) = g(x) + [ Hix,y;u(y), Dyu(y), Diu(y))dy
By (2.5.52)
+ [ KCx,y;u(y), Diuy), D3u(y)dy, ¥x € 0,11
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Chuong 3
Khao sat phuong trinh vi tich phan phi tuyen cap m

Chuong nay khao sat mot 16p phuong trinh vi tich phan phi tuyén cdp m (m > 2) nhan
gia tri trong khong gian Banach E c¢6 dang:

u(x) = g(x) + [ H(x,y,u(y);Dyu(y), -, Dyu(y))dy

+ [ KGo,u(y) Dyuty), - Dy u(y)dy,

véi x = (xq,--+,xn) € Q=1[0,1]N, trong d6 g: Q — E; H, K: Q x Q x E™! — E 1a céc ham
cho trude. Noi dung chinh clia chuong 3 1a ching minh tap nghiém cta khéc réng va
14 tap compact, cong cu chinh 1a s dung Dinh 1y diém bat dong Krasnosel’skii trong khong
gian Banach X, nhu da thiét lap trong Muc 1.2 cia Chuong 1. P& minh hoa cac két qua thu
dudc ciing nhu chi ra tinh hgp 1y clia cac gia thiét da thanh lap, cubi chuong 3 sé trinh bay
hai vi du cu thé, tuong tng véi E = R va véi E = C([0,1]; R).

Mot phan két qua clia chuong 3 da duge cong bd trong [D2] va da duge nhan ding trong
[D6].
3.1 Khao sit phuong trinh cip m nhan gia tri trong khong gian Banach E

Xét X = C(O;E) va Xy 1a céc khong gian Banach, vé6i chuan tuong tng dude dinh nghia
nhu ¢ Muc 1.1 va Muc 1.2 ctia chuong 1:

Xp={ueX:DiueX, i=1m},

3.0.1)

m

lullx, = 2 1Drullx, u € X

i=0
Ta xay dung cac gia thiét cho cdc ham ¢, H, K nhu sau:
G| g€ Xu; ' o
[Hi] HEC(QxQx E™LE), DIHe C(QAx Qx E"LE), i=1m,
va ton tai cac ham khong am hg, hy,- -+, hy 1 Q x Q) — R sao cho cac diéu kién sau dugc théa
man:
(1) HH(xr% Ug, Uy, - /Mm) - H(xryl i, Uy, - - /ﬂﬂl)HE S ho(x/y) Z}m:() Hu] - ﬂ]HE ’

(ii) HD’lH(x,y;uo,ul,- -+, um) — DYH(x, y; g, i1, - - - ,ﬁm)HE < hi(x,y) Z;-”:O Hu]- - ﬁjHE
V(x,y) € QxQ, Y(ug,uy, -+, um), (o, i1, - ,im) € E™tl i =1 m;

[Ki] KeC(QxQxE"™LE), DIKe C(QxQxE"™LE), i=1m,
VA ton tai cdc ham khong am kg, ki, -+, ku : Q x Q — R sao cho cac diéu kién sau dugc thda

man: B
(1) [IK(x,y;u0,u1,- - um)||p < ko(x,y) (1 + X5 H”j“E) /

(i) || DK (x, y;u0,u1, - <+ um)||p < Ki(x,y) (1 +Xo H“;‘HE) ,
V(x,y) € AxQ, V(ug,u1, - ,upm) € E"L,i=1,m;
K] K, DiK : Q) x Q x E™1 5 E 1a hoan toan lién tuc sao cho vdi moi tap con
bi chan J ctia ™1, v6i moi e > 0, ton tai 6 > 0, sao cho Vx, ¥ € Q, |x — %| < § din dén
o HDﬁK(x,y; ug, Uy, Uy) — DiK(JZ,y;uO, Uy, - - ,um)HE <,
Yy e Q, V(ug,ur, -, um) €J;

HK] Y™ Ty L y)d ki(x,y)d 1.
[HK] Y, (i‘éﬁ/o i(x,y) y+it€18/0 i(x,y) y) <

16



Pinh 1y 3.1.1 Cho g, H, K théa man cic gid thiét [G], [Hy), [K1], [Ka], [HK]. Khi d6 tap nghiém
ctia phuong trinh Lo khdc rong va compact trong Xp,.
3.2 Chuy vé phuong trinh (3.0.1) nhén gia tri thuc
Xét phuong trinh 6i E=R, trongd6 g: QO —R; H, K: QO xQx Rl L R

13 cac ham cho trude. Ta thanh lap cac gia thiét cho g, H, K nhu sau:

[G'] g€ Xm;

[H]] HeC(QxQxR"LR), DQH €ECOXxQOxR™LR), i=1m,
vA ton tai cdc ham khong am hg, hy, -+ -, hy : QO x QO — R sao cho cac digu kién sau dudgce thoa
man:

(1) ‘H(x/y}MO/ulz"'/um)*H(x/y}L_lO/ﬂlz"'/ﬁm)‘ Sho(x/y)zjn:[]hl]iﬂ] ’
(ii) ‘DiH(x,y;uo,ulf C Uy — DiH(x,y;ﬂg,ﬁlp-- } (x,y) Z]'-”:O ’uj — ﬁj’
V(x,y) € QAxQ, V(ug,u1, -+ ,um), (fg, 1, - , ) € R i=
[K']Kec(QxQmeHR) DlKeC(QxQmelR) =1,m,
VA tOn tai cdc ham khong am kg, ki, -+, ku : Q x Q — R sao cho cac diéu kién sau dugc thda

man:

) |K(x,y;u0,u1, -+ um)| < ko(x,y) <1 +X Iu;|) ,

(i) [D{K(x,ysu0 w1, 1tm)| < Kilry) (14 Ko [11]),
V(x,y) € AxQ, V(ug,uy, - ,up) € R, i =1,m;
[HK]" Yo { sup | hi(x,y)dy +sup | Ki(x,y)dy
xeQ) xeQ)

Khi do, ta c6 két qua sau

Dinh ly 3.2.1 Cho g, H, K théa man cdc gid thiét [G'], [H}], [K;], [HK]'. Khi do tip nghiém cila
(3.0.1) Ia khdc réng va compact trong Xy,

Dinh ly 3.2.1 1a mot trudng hgp riéng cta Dinh 1y 3.1.1 v6i E = R. Trong phat biéu va
chitng minh Dinh 1y 3.2.1, khong can c6 gia thiét tuong ty nhu [Kp] béi vi, dé kiém tra tap
F = C(Bp) la compact tuong déi trong X, Bé dé 1.2.3 duge a4p dung thay vi B6 dé 1.2.2,
trong do ta biét 1a didu kién (i) ctia B6 dé 1.2.2 da dugc gidm nhe. [

3.3 Viduminh hoa
Phan nay trinh bay hai vi du minh hoa cac két qua dat dugc trong cac Muc 3.1, 3.2
néu trén déi véi phuong trinh l} c6 dang cu thé nhu sau

1,1
u(x,y) = g(x,y) —|—/ / H(x,y,s,t;u(s,t), Diu(s, t),- -, D{'u(s, t))dsdt
0 Jo
1,1
+/ / K(x,y,s,t;u(s,t), Dyu(s,t),--- ,D'u(s,t))dsdt,
Jo Jo

véi moi (x,y) € Q = (0,12, trong d6 ¢ : Q — E; H, K: Q x Q x E™*! — E 1a cac ham cho
truée. Ky hiéu Diu = %, chi dao ham riéng cAp i = 1,m clia ham u x4c dinh trén Q theo

(3.3.1)

bién x.
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3.3.1 Vidu cho phuong trinh (3.3.1) véi E = R

Vi du 3.3.1 Xét phuong trinh (3.3.1) v6i E =R va cic ham ¢: Q — R; H, K: Q x Q X
R™+1 R duge cho béi
H(X,y,S, t;uO/ull' o /um)

= k(x,y) {sautlxo sin <W) + Zm ) sY 1Y cos ( .27Tuj >} ’

Dlle<S,t)

1
j+3

’

Uj
D)wo(s,t)

g(x/y):wO(x/y)fz;n:O((1+a)2+( ;) ) (X y)

K(x,y,s,t;ug,u1, -+, um) = k(x,y) ;-”:0 st

trong dé
wo(x,y) = e* +aM |y — a2, k(x,y) = x7 [y — &,
Va &, 1, Y2, & Y1, T2, &, & j = 0,m la cac hing s6 dwong théa man
0<a, & ¥y, Yo <1, 7y >m, 41 >m,

m

Z ((1+a¢ 2 + a2 ) ) (1 + lecl ) max{ﬁc%,(l _&)72} <1,
=0

’?1(71—1)"'(71—14‘1)
i )
Ta s6 chu’ng minh ring céc gié thiét [G'], [H;), [K{], [HK]' ctia Dinh ly 3.2.1 la ding.
3.3.2 Vidu cho phuong trinh (n E= C([O, 1;R)

Vi du 3.3.2 Xét phuong trinh 1 ) v6i E = C([0,1];R) va cac ham g, H, K dugc cho béi
H,K:QxQxE"™! —E

(x,y,s, tu,v) — H(x,y,s, tug, Uy, Um),
(x,y,s,t;u,0) — K(x,y,s,t;up, U1, ,Um),
H(x,y,s, t;uo,u1, -, 1) (1)

= k(x,ym) |:SZXUthO cos <12t)7;l;0tq ) + Zm % 1% gin ( 7Tl£] )

trong dé C~ =

1“’0
1
K(x,y,s,t;ug, u um) () = k(x,y;71) s”‘ft”‘f/l _ 4@ 73%
+ Yo Syt o, Uy eeey U )T Y Eio 0 | Djwols0) ,

89) = () ~ o (e + ke ) Ky
trong dé

k, wyg:Q — E,

k(x,yi) = pa ly — &,

wo(x, ;1) = 15 [¥ + 1T [y —a|”?],0< <1, (x,y) €O
VA &, Y1, Yo, & Y1, Y2 @), & j=0,m 1a cic hing s6 duong thoéa man
0<a, & 7y, Jp <1, 9, >m, § >m,

i ( 1+a %)) <1 + Zzlcl ) max{&?2, (1 — &)72} <1,

-1 (71*l+1)

e
trong dé ng1 A
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Ta sé ching minh ring cac gid thiét [G], [H;], [K1], [HK] cta Dinh 1y 3.1.1 1a dang.
Két luan chuong 3

Trén cd s§ xay dung céc gia thiét phit hgp trén cac ham cho trude g, H, K, Dinh ly diém
bt dong Krasnosel’skii da dugc sit dung dé chitng minh tap nghiém ciia phuong trinh
khéac réng va compact trong khong gian Banach Xj;, trong cd hai trudng hgp - phuong trinh
nhan gia tri trong khong gian Banach E téng quét va trong trudng hgp dic biet, E = R. Cac
vi du minh hoa tng véi cac truong hgp E = R va E = C([0,1];R) ciing dugc trinh bay. Két
qué ctia chuong nay 1a sy tdng quéat héa cac két qua trong cac bai béo [D2], [D6]. Trong [D2],
phuong trinh duge xét v6i H = 0, v6i s6 bién 1a N = 2 va E = R. Trong [D6], phuong
trinh duge xét véi H = 0.

Chuong 3 da phat trién, ké thita cdc ¥ tudng va phuong phap nghién citu ciia chuong 2
nhung véi cac phép tinh toan v danh gia phitc tap hon, ciing nhit cAn nhidu k§ thugt tinh t&
hon dé gidi quyét. Cac phuong phép va ky thuat néi trén, c6 thé ap dung dé khao sat su ton
tai nghiém ctia phuong trinh c6 dang sau

u(x) = g(x) + [ Hix,y,u(y);Dyu(y),- -, Du(y)dy
+ [ Ky, u(y); Duuty), -, Dy u(y)dy,

tuy nhién, bai toan vita néu van con l1a bai toan md, can tiép tuc nghién citu.
Chuong 4
Khao sat phuong trinh vi tich phan phi tuyén cap m + n

Chuong nay xét phuong trinh vi tich phan phi tuyén cAp m + n nhan gi4 tri trong khong

gian Banach E c6 dang

n(x) = g(x) + [ H(x,y:u(y), DIDPu()dy + [ K(xyiu(y), DDy u(y)dy,  (40.)
véix = (x1,---,xn) €EQ = [0,1]N,trongd()g:ﬂ—>E;H,K:QXQXEHElaCéChamcho
trudce.

Tuong ty, dé chitng minh phuong trinh vi tich phan c6 nghiém, trude hét khong
gian Banach X, thiét lap § Muc 1.3 ciia chuong 1 dugc lya chon dé st dung.

Tiép theo, 4p dung Dinh 1y diém bt dong Krasnosel’skii ciing véi viec 4p dung cac B dé
1.3.3, 1.3.5 mot cach thich hgp, chuong nay ching minh tap nghiém ctia phuong trinh
khac réng va compact. Cac vi du minh hoa ciing dugc néu ra & cudi chuong.

Két qua chuong 4 13 su tér}g quét héa két qua da cong b trong bai bao [D3].

4.1 Khao sat phuong trinh cap m + n nhan gia tri trong khong gian Banach E
Xét X = C(}E) vi Xy, 12 céc khong gian Banach, véi chuan tuong ting duge dinh
nghia nhu 6 Muc 1.1 vd Muc 1.3 clia chuong 1:
Xpn={u€X:DiueX, D)Di"ue X, i=1m, j=1n},
X = Liko || D4 +27J DLV, 1w € X

Thanh 1ap cac gid thiét sau day cho cac ham g: Q — E; H, K: Q x Q x E2 — E xuAt hien
trong phuong trinh :

[G] g€ Xun )

[Hi] He C(QxQxE%E), DiH, D,DI'H € C(Q x Q x EXE), i =1,m; j = 1,1, va ton
tai cac ham khong am h;, hm,]- :QxQ—R,i=0mj=1,n, sao cho cac didu kién sau day
duge thoa man:

() [[H(x, y;u,0) = H(x,y;8,9) || < ho(x,y) (u — al|g + [lo—2|g),
(i) | DiH(x,y51,0) — DiH(x,y;,9) | < hi(x,y) (Ju — g + o — ollg), i = T,

4.1.1)

[[u]
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(i) || DADYH (x, y;1,0) = DyDYH (x5 1,9) | < o (e, ) (lu = il g + [0 = 21, j = T,
Y(x,y) € QAx Q, V¥(u,0), (1,7) € E%;

[Ky] K e C(QxQxE%E), DiK, DiD"K € C(Q x Q x ELE), i = T,m; j = 1,n, va tén
tai cdc ham khong am k;, I_cm,]' :QOxQ—R,i=0,m; j=1,n, sao cho cac didu kién sau day
duge thoa man: B

(1) [1K(x,y5u,0) g < ko(x,y) (1+ [Jullg + [[0l[g),
(i) | DK (40,0 < FiCxy) 1+l + o) , i = T,
(i) | DLDYK ey, 0) | < Fonj(y) (14 Nl + ollg) = T,
Y(x,y) € QA xQ, ¥(u,0) € E?;
[Ky] K, DﬁK, DéD{”K : Q) x QO x E™1 — E 1a hoan toan lien tuc sao cho véi moi
tap con bi chin J ctia E2, v6i moi € > 0, tdn tai § > 0, sao cho Vx, ¥ € Q, |x — %| < 6 din dén
i~ | DiK(x, y;u,v) — DiK(%,y;u,0) |
"‘271:1 HD]zD{”K(x,y; u,v) — DéD{”K(J?,y; u,v)HE <eVyeQ, V(uv)e];

E

HK| Y hi(x,y)d Fa(x,p)d
[HK] Y7, (i?ﬁ/n i(x,y) y+§1€18/0 i(x,y) y)

+Z}‘:1 sup/ P, (%, y)dy + sup/ l?m,j(x,y)dy <1.
xe’/Q xe’/Q

Khi d6, ta thu duge dinh 1y sau day vé tap nghiém ctia phuong trinh (4.0.1)).

Dinh 1y 4.1.1 Cho g, H, K théa man cdc gid thiét [G], [Hy], [Ky], [Ko], [HK]. Khi d6 tdp nghi¢m
ciia (4.0.1)) la khdc réng va compact trong X, .

Phuong trinh (4.0.1) dudc viét lai nhu sau

u(x) = (Uu)(x) + (Cu)(x), x € Q, (41.2)

trong dé

(Un)(x) = g() + [ H(xyiu(y), DD u(y))dy,

(Cu)(x) = /QK(x,y;u(y),DE’D}”u(y))dy, x €.
Véi M > 0, ta xét mot qua cau dong By = {u € Xy : [[ully, , < M}. Dat

a =YY", sup/ D H(x,y;0,0) || g dy + X7y sup/ “DéD{”H(x,y;0,0)H dy,
xeQ/Q xeQ/Q E

By = LiZosup / hi(x,y)dy + Ly sup / b, (x, y)dy, (4.1.4)
xeQ/Q xe0/Q

4.1.3)

By = LiZosup / ki(x,y)dy + Ly sup / ki j (x, y)dy.
xeQ/ 0 xeQ/Q

Khi d6, ta co céc bd dé sau.
B6 dé 4.1.2 Vi moi u,v € By, ta cd cdc ddnh gid sau

1) NUully,, <l8lx,, +a1+Mp;,

(i) [[Colx,, < 1+ M)pB,,

(iti) [[Uu — Uy, < By [u—1x, -
B6 dé 4.1.3 Ton tai hang s6 M > 0 sao cho Uu + Cv € By, Yu,v € By
B6 dé 4.1.4 Todn tir C : Bpy — Xy L lién tuc.
B6 dé 4.1.5 F = C(By) la compact twong doi trong X, .
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4.2 Chu y vé phuong trinh (4 4.0.1) nhén gia tri thuc
Xét phuong trinh 1! v6i E=R, trong d6 g: QO — R; H, K: QO x QX R?2 >R la
cac ham cho trude. Ta thanh lap cc gid thiét sau cho cic ham g, H, K:

[G/} gc Xm,n/' )

[H] HeC(QxQxR%LR), DiH, D)D"H € C(QA x Q xR%R), i =1,m; j=1,n, va ton
tai cac ham khong am h;, hm,]- :QxQ —R,i=0,mj=1,n, sao cho cac diéu kién sau day
duge thoa man:

|H(x,y;u,0) = H(x,y;@,0)| < ho(x,y) (|u— | +[v—17]),
|DiH(x,y;u,v) — DiH(x,y;11,0)| < hi(x,y) (lu— |+ [v—2]), i =1m,
(iii) ‘DJZDTH(x,y; u,v) — DéD{”H(x,y; ﬂ,ﬁ)‘ <l j(x,y) (Ju—al + o —19]), j
V(x,y) € QAxQ, VY(u,0), (4,5) € R%;

[K|] KeC(QxQxR%R), DiK, DiDVK € C(Q x QO x R%R), i = T,m; j = 1,7, va ton

tai cdc ham khong am k;, km,j :OxO—R,i=0,m j=1,n, sao cho cac diéu kién sau day

=1,n,

duge thda méan:
K(x,y;u,0)| <ko(x,y) 1+ [u + o),
|DiK(x,y;u,0)| < ki(x,y) (1 + |u|+ |0]), i =1,m,

km,j(x,y) (L4 [u] + o)), j=1,n,

(iii) ’DéDi”K(x,y;u,v) <
Y(x,y) € QAxQ, V¥(u,0) € R%

[HK] Y (sup/h xydy+sup/k xydy)

n . k. .
+YXi (igg./nhm'](x’y)dy+§‘£./nkm'f(x’y)dy> <1

Khi d6, ta thu duge dinh 1y sau day vé tap nghiém ciia phuong trinh .

Dinh 1y 4.1.6 Cho g, H, K théa man cdc gid thiét [G'], [H}], [K}], [HK]'. Khi do tap nghiém ciia
la khdc r5ng va compact trong Xy, 4.

Dinh ly 4.1.6 1a mot trudng hop riéng cta Dinh 1y 4.1.1 v6i E = R. Trong phat biéu va
chitng minh Dinh 1y 4.1.6, khong can cé gia thiét tuong tu nhu [Kj], béi vi, dé kiém tra tap
F = C(By) la compact tuong déi trong Xy, Bé d& 1.3.3 dugc 4p dung thay vi B d& 1.3.5,
trong d6 ta biét 13 didu kien (i) ctia B6 dé 1.3.5 da dugc gidm nhe. [

4.3 Viduminh hoa
Phan nay trinh bay hai vi du minh hoa cac két qua dat dugc trong cac Muc 4.1, 4.2
néu trén dbi véi phuong trinh (4.0.1) c¢6 dang cu thé nhu sau:

1
u(x,y) :g(x,y)+/0 /0 H(x,y,s,t;u(s,t),DgD%u(s,t))dsdt
S |
—|—/ / K(x,y,s,t;u(s,t), DaD3u(s, t))dsdt,
0 Jo

v6i moi (x,y) € Q = [0,1]%, trong d6 ¢: QO — E; H, K: Q x Q x E? — E la céc ham cho trude
théa mot s6 didu kién sé dude chi ra dusi day. Ky hieu DZD%u =

@.3.1)

6326 , chi dao ham riéng cap
3 ctia ham u (x,y) x4c dinh trén (), 1an lugt theo bién thtt nhat dén cip 2 va sau d6 theo bién
thit hai dén cip 1. Trong hai vi du nay, khong gian ham Xp; va chuén ||~HX2'1 nhu da dinh
nghia trong Muc 1.3, chuong 1 sé dugc st dung (ting v6i m =2, n = 1), cu thé la:
X1 ={ueX=C(E):Diue X, D;D3ueX, i=12}
liellx,, = Yo [IDju]lx + [[D2DFul ., u € Xa1.

4.3.2)
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4.3.1 Vidu cho phuong trinh (4.3.1) vi E = R
Vi du 4.3.1 Xét phuong trinh (4.3.1) v6i E = Rvacachamg: Q — R; H, K: QO x Q x R? —
R nhu sau
H(x,y,s,t;u,v) =k(x,y) [4(5t)a0 sin <2w7;(l;,t)) + (st)*1 cos (7D2D§Zz(s,t))} ,
K(x,y,s t;u,v) = k(x,y)Ki(s, t;u, ZJ)
— 4 1
g(x']/) = wO(x/]/) - [(1+v¢0)2 + (1+A )2 + (1+1x0)2 + (1+5¢1)2} k(x/]/)/

trong dé

Ky (s, t;u,v) = (st)

u 1/4 0_(1 (% 1/3
wo(s,t) ‘ + (St) D, D3wy(s,t) ’
wo(x,y) = eV + ‘y— 3 k(xy) =tV 4 ‘y— i,
VA g, &1, Eco, & la céc héng s6 dlrdng théa man
2
T + T + P T TP ) (42 +1) <1.
Ta sé kiém tra cac gia thiét [G'], [H]], [K{], [HK]' ctia Dinh 1y 4.1.6 la ding.
4.3.2 Vidu cho phuong trinh (4.3.1) véi E = C([0,1];R)
Vi du 4.3.2 Xét phuong trinh (4.3.1) véi E = C([0,1];R) vh ciac ham ¢ : Q — E; H,
K:Q x Q x E2 — E nhu sau
H K:QxQxE?>—E
(x,y,s,u,0) — H(x,y,s,tu,0),
(x,y,s,t;u,0) — K(x,y,s,t;u,0),

H(x,y,s, tu,0)(n) =k(x,y;1) {4(51})1%0 sin (%) + (st)™ cos (#{%)} p

K(x,y,s,t;u,0)(n) = k(x, y;n)Kl(s tu, U)(’?) 0<n<1 (xy) €Q
806 y) = wo(xy) — [t + ey + e | kW) (1) €0

trong dé

1
v(g) 3
Dy D3wy(s,£:4)

(s, u,0)(n) = ()% [ \w;é( [Fas o, e

wo(x,yim) = iy (¢ + |y — )
k(o yin) = o5 ( ety 4 ’y——’),o <n<1, (ny) €Q
VA &g, &1, &y, &1 1a cac hing sb dlrdng thoa man

2
2 (4 +1) (e + ot + g + o) <1

_ Ta s& kiém tra cac gia thiét [G], [Hi], [Ki], [Kz], [HK] ctia Dinh Iy 4.1.1 la ding.
Keét luan chuong 4

Nhu vay, bang cach 4p dung Dinh ly Krasnosel’skii trén co s xay dung céc gia thiét phu
hop trén cédc ham cho trude g, H, K, tinh khac réng va compact ciia tap nghiém ctia phuong
trinh (4.0.1)) trong X, , d& duge chitng minh, & day phuong trinh duge xét véi E 1a khong gian
Banach tiy §. Su ton tai nghiém va tinh chit cfia tap nghiém ctia phuong trinh (4.0.1) vin
con dung khi xem xét khong gian Banach E trong truong hgp dac biét, E = R, nhung véi céc
gid thiét dudc gidm nhe hon. Cudi chuong 4 1 hai vi du minh hoa cac két qua dat dudc cia
chuong, ting vé6i E =R va E = C([0,1]; R).

Chuong 4 da téng quat hoéa két qua trong [D3], trong d6 phuong trinh dugc xét véi
H =0, s6 bién 1a N = 2 vd E = R. Do vé phai clia phuong trinh chi xuit hién mot toan tit
tich phan, nén trong [D3], nguyén ly anh xa co v Dinh 1y Schauder da dugc lua chon dé khéo
sat sit ton tai nghiém va tinh chit clia nghiém ctia phuong trinh.
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Céc phuong phap va ky thuat da sit dung trong chuong 4 c6 thé ap dung dé khao sat sy
ton tai nghiém ciia phuong trinh c6 dang téng quat hon nhu sau, tuy nhién day vin con la
van dé md can tiép tuc nghién citu:

x)+ [ Hixy;u(y), DSDPu(v)dy + | K(x,;u(y), DEDYu(y)dy, ¥x € 0,11

Ket luan

Trong luan an, ching t6i da nghién cttu tinh gidi duge va tinh compact ctia tadp nghiém
clia cAc phuong trinh vi tich phan ham phi tuyén cip 1, cAp m, cAp m + n theo nhidu bién lan
lugt c6 cac dang sau:

Dang 1: Phuong trinh vi tich phan ham phi tuyén cap 1:

u(x) = g(0) + [ Hexyiuly), Due(y))dy + [ K(xysu(y), Dyu(y))dy, ¥ € 01N
Dang 2: Phuong trinh vi tich phan ham phi tuyén cip m (m > 2):
u(x) = g(x) + / H(x viu(y), Duu(y), -, Ditu(y))dy o
+ [ KGx,y:u(y), Dru(y), -, Dytuly))dy, ¥x € [0,11".
Dang 3: Phuong trinh vi tich phan ham phi tuyén cdp m +n :
u(x) = g(x) + /QH(x,y;u(y),DSDTu(y))dy

+ [ K(x,yu(y), DEDYu(y))dy, vx € 0,1V

Bing cac phuong phap va ki thudt clia giai tich ham phi tuyén, két hop véi viée sit dung
cac dinh 1y diém bat dong phu hop, luan an dat dugc céc két qua méi sau day:

1. Thiét lap cac khong gian ham Xi, Xy, Xy,n va chiing minh duge cac khong gian ham
nay la khong gian Banach dong thai dua ra dugc tiéu chudn dé mot tap con trong mdi khong
gian ham nay 13 tap compact tuong déi.

2. Du6i mot sb gid thiét phit hgp trén cac ham cho truée ¢, K, nguyén ly anh xa co clia
Banach dugc 4p dung dé chiing minh sy ton tai duy nhit nghiém ciia (1)) trong X; tuong ing
véi H = 0. Tiép theo, cling thiét 1ap cac gia thiét phit hgp trén g, H, K, cac dinh ly diém bat
dong nhu Dinh ly Schauder (trong truong hgp H = 0) va Dinh 1y Krasnosel’skii (trudng hgp
H # 0) dugc ap dung dé chiing minh tinh khic réng va compact clia tap nghiem ctia trong
Xj.

3. V&i mot sb gid thlet phit hgp trén g, H, K, Dinh 1y Krasnosel’skii dugc 4p dung dé chiing
minh tap nghiém cta (2] 14 tap khac réng va compact trong X,.

®)

4. Ap dung Dinh ly Krasnosel’sku trén co s xay dung dudc cac gia thiét phit hgp trén cac
ham cho truée g, H, K, ching minh tinh khac réng va compact ctia tap nghiém cia trong
Xinn- . )

5. Su ton tai nghiém va cac tinh chat clia cidc tap nghiém tuong ing néu trén van con ding
khi xem xét khong gian Banach E trong trudng hop dic biét, E = R, nhung véi cac gia thiét
duge giam nhe hon trong titng trudng hop cu thé.

6. Céc vi du cu thé ing véi hai trudng hgp dic bist cia khong gian Banach E 1a E = R va
E = C([0,1];R) ciing dugc trinh bay dé minh hoa toan bo cac két qua dat dugc néi trén, lan
lugt cho cac phuong trinh . . .

Cac két qua trén day clia luan an la sy phat trién va ké thira cac két qua da cong bd trong
[D1] - [D6] va glii dang trong [D7] va cling da duge bao cao trong céc hoi nghi khoa hoc chuyén
nganh.

Trén co s6 cac két qua thu duge trong luan &n, ching toi xin néu nhitng van dé cé thé
nghién citu, phat trién tiép nhu sau:
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- St dung Dinh 1y Krasnosel’skii dé nghién cttu phuong trinh vi tich phan ham phi tuyén
cAp m nhan gia tri trong khong gian Banach tdng quét c6 dang:

u(x) = g(0) + [ Hexy;uly), Diuty), -, Dy'uly))dy

+/01<(x,y;u(y), Dyu(y), -~ Dy'u(y))dy,
v6i moi x = (x1,---,xN) € Q= [O,l]N,trongd(’)g:Q—>E;H:A><E’"7L1 —EK:OxQx
E"™*! — E la cac ham cho trude, A = {(x,y) € A x Q:y € By}, By = [0,x1] x - -+ x [0, xn]-
- Sit dung Dinh 1y Krasnosel’skii dé nghién cttu phuong trinh vi tich phan ham phi tuyén
cAp m + n nhan gia tri trong khong gian Banach téng quét c6 dang
u(x) = g(x) + [ H(x,y;u(y), DIDYu(y)dy+ [ K(xyiu(y), DIDYu(y)dy,  (5)

v6imoix = (xq, - ,xy) € Q= [O,l]N,trongd()g:Q—>E;H:A><E2—>E;K:Q><Q><E2—>
E la céc ham cho trudc./.

4)
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