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LOI NOI DAU

Trong nhiéu chuyén nganh clia Toan thi linh vic phuong trinh vi phan, dao
ham riéng (PDEs) 1a mét trong nhiing huéng nghién cttu quan trong ctia giai tich
toan hoc va déng vai tro c6t 16i trong cdc mo hinh veé vat Iy, co hoc, héa hoc,
sinh hoc. Mot trong nhiing chti dé “néng” va cé tinh thoi su vé PDEs 1a phuong
trinh dao ham riéng véi dao ham cip khéng nguyén. Ly do ra doi clia cic phuong
trinh nay xuat phat tit nhu cau thuc tién. Trong nhiing ndm gan day, rat nhiéu
bai toan da khéng thé mé hinh hoa dudc bang cac phuong trinh vi phan dao
ham riéng véi dao ham cip nguyén nhu cac phuong trinh elliptic, parabolic hay
hyperbolic. Viéc mé hinh hod cac bai todn nhu vay dan dén cac khai niém dao
ham cp khong nguyén (fractional derivatives). Vai thap ky vita qua la giai doan
cac bai toan véi dao ham cap khong nguyén phat trién manh mé va ting dung sau
rong vao rat nhiéu linh vuc khoa hoc véi sé luong 16n cac bai bao, sach chuyén
khao clia nhiéu nha toan hoc trén thé gidi nhu S.G. Samko, K. S. Miller, B. Ross, 1.
Podlubny, E Mainardi, v.v. Thé loai vé loai phuong trinh nay kh4 nhiéu va dbi dao,
nén trong luan an, chiing téi chi dé cap dén cac loai phuong trinh khuyéch tan
(diffusion equation). Phuong trinh khuyéch tan véi dao ham cip khéng nguyén
(con goi l1a fractional diffusion equation, FDE) da 16i cudn rat nhiéu nha toan hoc
quan tdm nghién ctu. Theo ching tdi tim kiém trén Mathscinet, c6 khoang hon
2000 coéng trinh vé chti dé nay. S6 lugng cac tap chi cong b vé chii dé nay rat 16n,
trong s6 d6 c6 nhiéu tap chi c6 uy tin clia cac nha xuét ban 16n nhu: Springer,
Elsevier, Taylor Francis, ... Trong cac mé hinh vé cac phuong trinh khuéch tan véi
dao ham cip khong nguyén (FDE), thi xu4t hién hai loai: bai toan thuan (Direct
problem) va bai toan ngugc (Inverse Problems). Bai toan thuan cho FDEs dugc
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nghién ctiu rat nhiéu béi cac cong trinh ctia Gido su R. Gorenflo, ... Cac nha toan
hoc tap trung khéo sat va cong bd mot sé dang bai kha 16i cubn, chang han nhu

sau:

1. Su ton tai va tinh déu cia nghiém.

2. Cac tinh chat clia nghiém nhu: tinh bling né, tinh tit dan.

3. Xap xi nghiém ctia FDEs bing cac phuong phap sb.
Bai toan ngugc cho FDEs chi nghién ctiu sau bai toan thuan mot thoi gian, khi
mot s6 cac hién tuong thuc té dugc mé hinh héa béi bai toan ngugc. Muc tiéu clia
ching t6i khi nghién cttu bai toan ngugc cho FDE la khao sat tinh khéng chinh
va xay dung nghiém x4p xi. Trong thuc té, khi ta do dac dii liéu thi luén c6 sai sb.
Vi vay, néu tinh 6n dinh nghiém ctia bai toan khéng dugc théa man, tiic 12 sai s6
nho 6 di liéu do dac dan dén sai sé rat 16n 6 nghiém, thi sé gay khé khian trong
viéc tinh toan s6. Vi thé, ta can phai cé cac phuong phap “chinh héa” dé giai quyét
van dé nay. Bai toan dudgc goi 1a khong chinh theo nghia Hadamard, nghia 1a mot
trong 3 truong hgp sau xay ra:

1. Bai toan khong c6 nghiém.

2. Bai toan c6 nghiém nhung nghiém khong duy nhét.

3. Bai toan c6 nghiém nhung nghiém khong 6n dinh.
Dé chinh héa bai toan ngudc, chiing ta can thuc hién cac budc sau:

* Xay dung va thiét 1ap nghiém chinh héa cho cac phuong trinh khuéch tan va

chiing minh day la bai toan chinh.



« Danh gia toc d6 hoi tu va sai so gitta nghiém chinh héa véi nghiém chinh xac.

e Puara cac vi du s6 dé minh hoa phuong phap ma chiing t6i thiét 1ap c6 hiéu

qua cao.

Trong luan an nay, ching t6i khao sat 2 chli dé chinh.
Chu dé 1: Bai toan xac dinh ham nguén (Inverse source problem for fractional

diffusion equation)

Chiing t6i liét ké mot s6 bai toan xac dinh ham ngudn va cac phuong phap
nghién ctiy, vi du nhu Z. Ruan va cac cong su (EECT, 2018) da dung phuong phap
diéu chinh tua bién dé nghién ciiu bai toan xac dinh ham nguén; S.A. Malik va
cac cong su da khao sat bai toan xac dinh ham ngudn va dua ra cong thtic tuong
minh cho nghiém. Ngoai ra, mot s6 cong trinh c6 lién quan vé bai toan xac dinh
ham nguon cho phuong trinh khuyéch tan véi dao ham cap khéng nguyén ciing

dudc quan tdm, chang han nhu A.Deiveegan va cic cong su.

Chii dé nay dudc trinh bay 6 chuong 2 clia Luan an. Trong chuong 2, chiing t6i

xét bai toan sau

D?M_Au:F(x)t)) (x) t)E(O,l)X(O,l),
Uyx(0,1) = ux(1,1) =0, t€(0,1),
(1)
u(l, 1) =0, te(0,1),
u(x,0) = up(x), u(x,1) = u;(x) xe(0,1),

trong d6 D% u la dao ham theo nghia Caputo

1 u'(s)
D¢ = . 2
“u(r) F(l—a)o (t—s)“ds (2)

Ham ug, u1 € L2(0,1) tuong ting cho gia tri clia phan b6 tai thdi diém ban dau va
thoi diém cudi. Him F dudc goi 1a ham ngudn. Bai toan xac dinh ham nguon &
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day dudc hiéu 1a
"Cho truoc ug, uy, ta xdc dinh ham ngu(;n F".

Bai toan nay 1a khong chinh theo nghia Hadamard. M6t sai s6 nhé 6 dit liéu u, u;
c6 thé dan dén sai s6 16n 6 F. Hién nay, da s6 cac két qua chi khdo sat cho trudng
hop F chi phu thudc vao mot bién khong gian (bién x). Cac cong trinh sau khéo

sat ham nguon F = F(x).
e Nam 2013, J.G. Wang va cong su va J.G. Wang da chinh héa bai toan xac dinh
ham ngudn bang phuong phap chit cut va phuong phap Tikhonov.

« Nam 2014, T. Wei va cac cong su da chinh héa bai toan xac dinh ham nguon

bang phuong phap diéu chinh tua bién (modfied quasi-boundary value method).

« Nam 2016, Y.K. Ma va cac dong tac gia da chinh héa bai toan xac dinh ham

ngudn bang phuong phap Tikhonov md rong (generalized Tikhonov method).

Céc két qua khi F phu thudc ca hai bién c6 dang F(x, 1) = ¢(£) f(x) con han ché.

Nam 2011, M. Kirane va S. Malik da xem xét bai toan sau

Dg, (u(x, 1) — u(x,0)) — uxx = (1) f(x), (x,£)€(0,1) x(0,1),

u(l, ) =0, re0,1),
4

ux(oy t) = ux(ly t)) tE (0) 1))

u(x,0) = up(x), u(x, 1) = up (x), x€(0,1).

Du cac tac gia da dua ra mot phuong phap tim ham f, nhung bai toan chinh
héa van chua dudc khao sat. Nam 2011, T.Wei va cac dong tac gia da nghién ciiu
truong hop ¢ 1a ham duong va khong bi nhiéu. Muc tiéu ctia chuong 2 1a nghién

cliu bai todn trong truong hop ¢ bi nhiéu va khong nhat thiét 12 ham duong.



Chu dé 2. Bai todn ngudc khong gian (sideway fractional diffusion equation)
Chii dé 2 dugc trinh bay 6 chuong 3 clia Luan 4n. Trong chuong 3, ching

tdi chiing toi xét bai todn khuéch tan véi dao ham cap khong nguyén theo bién

thoi gian v6i ngudn phi tuyén trong nita mit phang trén (one-dimensional semi-

infinite domain) nhu sau

—auy(x,t) = DVu(x, t) + F(x, t,u(x, 1)), x>0, t>0,

N

u(l,r)=g(r), =0, 3)

im0 (x,t) = u(x,00=0, =0,

v6i a 12 hang s6 khuéch tan, F 1a ham ngudn dudc dinh nghia sau. Pao ham cap
khong nguyén DY u(x, 1) 1a dao ham Caputo béc 0 <y < 1 dugc dinh nghia nhu sau

y 1 Lou(x,s) ds
Diu(x,t) = f , for 0<y<1,
rai-yJo 0s ((t—9¢

ou(x, 1)
Dlu(x,0) = 5 Y=L

vGiI'(-) la ham Gamma. Muc tiéu ctia bai toan nay la xac dinh «(0, 1) tt di liéu cho
truGe g. Bai toan (3) 1a bai toan ngudc khong chinh, nghia la nghiém khong phu
thudc lién tuc vao di liéu dau vao, va véi sai s6 nhoé 6 dit liéu dau vao thi nghiém
clia bai toan sé c6 sai s6 16n. Bai toan thuan nhat, nghia 1a F = 0, da dudc nghién

ctiu béi nhiéu tac gia, chang han nhu:

« Nam 2011, Zheng va Wei, xét bai toan khuéch tan thuan nhat, v6i dao ham cép

khong nguyén theo bién thoi gian dudc hiéu theo nghia Dzerbayshan-Caputo



trong mot phan tu mit phang, ¢6 dang
—auy(x,t) =DV u(x, 1), x>0, >0,

ul,n=g(), t=0, (4)

limy_ oo u(x, 1) = u(x,0)=0, =0,

« Niam 2012, Xiong va cac cong su ap dung phuong phap chinh héa tbi vu dé giai
quyét bai toan nay va dat dugc sai s6 hdi tu tbi uu.

« Nam 2012, Hon ciing c4c cong su, xét bai todn nay trong trudng hop hai chiéu.
Clng nam nay, Fu cling cdc dong tac gia dua ra phuong phéap chinh héa méi dé
gidi quyét bai toan nay.

« Nam 2014, MingLi cung cac cong su, dua ra mot phuong phap nang lugng (dy-
namic method) méi cho viéc chon tham sé chinh héa bang cach stt dung phuong

phap pho.

Theo nhu chiing t6i dugc biét, bai toan ngudc cho phuong trinh khuéch tan
v6i dao ham cap khéng nguyén van chua dudc nghién ciiu nhiéu. Dé giai quyét
bai toan tuyén tinh khong thuan nhat va phi tuyén, chiing téi sé dua ra nhiing ki
thuat va phuong phap chinh héa méi. Luan an dugc chia lam 3 chuong.

« Chuong 1 trinh bay mét s6 kién thtic chuan bi vé ham nguyén, dao ham Ca-

puto, Ham Mittag-Leffler va bién déi Fourier.

e Chuong 2 trinh bay bai toan xdc dinh ham nguén. Phuong phéap st dung

chinh 14 phuong phap chiit cut két hgp véi ki thuét bién doi Fourier.

« Chuong 3 trinh bay bai toan ngudc khong gian. Hai phuong phap chinh héa

dudc ap dung dé dua ra nghiém xap xi. Chiing t6i khao sat sai sb giita nghiém

chinh héa va nghiém chinh xac.



Chuong 1

KIEN THU'C CHUAN BI

Chuong nay gidi thiéu céc kién thiic co s6 cho két qua ctia luan an, bao gom
cac dinh nghia, tinh chat, va cac danh gid quan trong cho 16p ham Mittag-Leffler,
phép bién déi Fourier, va hAm nguyén. C4c ndi dung nay déng vai tro cot 16i trong

qua trinh xay dung ky thuat nghiém.
1.1 Daoham cap khéng nguyén Caputo

Trong luan an nay chiing tdi chi xét dao ham cap khéng nguyén theo Caputo.
Pinh nghia 1.1.1. Cho 0 < @ < 1, dao ham Caputo cip a khéng nguyén clia ham
so f tai t dudc cho béi

1
ri-a

t
‘DY f(r) = f (t— s)‘“if(s)ds,
0 0s

khi vé phai xac dinh.

1.2 Cac ham Mittag-Leffler

binh nghia 1.2.1. Cho «, f1a cac sO duong. Ham s6 Eqp5:C— C, xac dinh bdi

00 Zk

Eq =) —, C,
£ ,szor(amﬁ) z€

dudc goi lam ham Mittag-Leffler tong quat.



1.3 Phép bién doi Fourier

Phép bién doi Fourier dugc dit tén theo nha toan hoc ngudi Phap Jean Baptiste
Joseph Fourier (1768-1830) v6i nhiéu ting dung trong khoa hoc néi chung, va
toan hoc néi riéng, ma dac biét la linh vuc x 1y tin hiéu v6i cac Phuong trinh vi
phan-dao ham riéng. C6 thé mo ta béi chu trinh sau

A e Bién doi Fourier L
Tin hiéu ky thuat » Tin hiéu tan so

~_ -

Bien doi Fourier ngugc

Dinh nghia 1.3.1. Cho f € L'(R), hAm s6 % (f) : R — C dinh nghia béi

1 (o) .
— —ilt
F()(©) Zﬂf_oof(t)e dr,

dudc goi 12 bién do6i Fourier cta f.



Chuong 2

BAI TOAN XAC DINH HAM NGUON CHO PHUONG TRINH
KHUECH TAN VOI PAO HAM CAP KHONG NGUYEN

2.1 Gidi thiéu bai toan

Trong chuong nay, chiing t6i khao sat bai toan tim ham ngudn f cho mé hinh

khuéch tan sau

Dfu—Au= (1) f(x), (x,8)€(0,1) x (0,1),
Ux(0,1) = ux(1,1) =0, te(0,1),
4 (2.1
u(l,t) =0, te (0,1,
u(x,0) = up(x), u(x,1) = uy (x) xe(0,1),

trong d6 ¢ € C([0,1]) va ug, ug € L?(0,1). Gid st (¢, uo, u1) bi nhiéu béi (¢, uf, uf) sao

cho

lo=ollcon <& lu—uillzer <& luo— 15l 20 <e (2.2)

Lich sti ctia bai todn nay da dudc gi6i thiéu chi tiét trong Phan M6 Dau. Muc tiéu
clia chuong nay sé khao sat cac két qua chinh héa khi ham ¢(z) bi nhiéu va khéng

nhat thiét phai 12 ham duong. Cu thé, bang cach dat
NZ,=1teR: (1) #0},

ta sé nghién ctiu bai todn xac dinh ham nguon f trong trudng hgp NZ, #R. Luan
an trinh bay hai két qua chinh khi dit liéu ¢(r) bi nhiéu. Két qua thi nhat giai
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quyét trudng hop ham ¢(r) duong. Két qua th hai giai quyét trudng hop ham
¢(t) khong nhat thiét duong. Két qua chinh clia chuong da dudgc cong bo trén tap

chi cé uy tin Computer and Mathematics with Applications (SCI, Q1) [T1].

2.2 Két qua chinh héa thit nhat

Trong phan nay, chiing t6i ding phuong phéap chit cut dé dua ra nghiém chinh
héa trong trudng hop ham ¢ 1a ham duong trén [0, 1]. Két qua chinh thinhat dugc
thé hién trong Dinh ly sau day.

Dinh 1y 2.2.1. Cho uy, u; € L?(0,1), ¢ € C(0,1) va (u, f) la nghiém chinh xdc ctia bai
toan 2.1). Gia su
@f(1) > Coy, (1) > Cy, V€ (0,1), Cy>0. (2.3)

Ta xét nghiém chinh héa f¢ nhu sau

1 1
wmax [ uf(x) cos(wx)dx—Ea,l(—wZ)fug(x) cos(wx)dx

Fo) = —% f - 1 - e dx,  (2.4)
—Wmax Ofs“‘lEa,a(—wzs“)(pE(l —8)ds
VOi 0 max := Omax(€) ld tham sb phu thuéc e. Chon o pqy sao cho
li_r)r(l)wr_nlax = elgi_r)r(l)wf’naxsz =0.
Gia sut f € H'(0,1). Khi do ta co
I =250 = # 715710, omasd ™2 + %Cfgz(l + Ona) (2.5)
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2.3 Két qua chinh héa thit hai

Trudc tién, ta dat

1
O (o, ) = f sY VB o (02 sY) (1 - s)ds,
0 (2.6)
®(a, w) :fs“‘lEa,a(—wzs“np(l—s)ds,
0

trong d6 ¢ € C([0,1]). Tiép theo, ta chtiing minh cac két qua sau véi ¢ khong nhat
thiét duong.

B6 dé 2.3.1. Cho q la hdng s6 sao cho 0 < g < 3, @€ C(0,1]) va M, = 22 + £9. Khi
®(a,w) #0,YVa € R va ta dat

1 InM;h

e = gm, e>0. (2.7)

thi theo do do Lebesgue ctia qud cau

B((P, 6) = {(U € B(O)RE)) |q)(a) (U)' S ME}) (208)

8
67 R?

va voi dii nhé (Ve >0, B(0,R,)) la qud cau md trongR.
Dinh ly 2.3.2. Cho ug, u; va f nhu Dinh ly . Ddt M, nhu Bo6 dé (22), ta duia ra

nghiém chinh hoa nhu sau

R,
1 .
fg(x)zg f Fé(a,w)e' dw, (2.9)
—R,
voi
Ft(a,w)

Jo us(x0) cos(@x)dx — Eq1 (—~0?) f us(x) cos(wx)dx
= ¢ (a,w) ’

0, |P(a,w)|<e?V]|w|=R,

|Df (o, w)| = €7 A |w| < Ry,

(2.10)
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VGi0< q <i. Néue dii nhé trong khoding (0, () l—q), ta co danh gid nhu sau:

lnz(ln( ls ) 2 lnz(ln( 15 ))
-2, = 23Y2) g “)) BV2IS 720, v
2oy =" o7 H(0,1) ln2( ) ) 3my/m lnz( 1 )
€q+% €q+%
+ V8C, ln((pf ; )82—4q. 2.11)
V7ln (ln (m)) Q)€
Chiiy 2.3.3. Dé thdy
a
(il )) ()
lim = lim =0. (2.12)

£—0 lnz( 1EP) _E*O\/ﬁln(ln(m))

ed+ o
2.4 Kétluan chuong 2
Chuong nay chiing tbi gidi quyét cac van dé sau:

« Dung phuong phap chit cut dé dua ra nghiém chinh héa trong trusng hgp

ham ¢ 1a ham duong trén [0,1] (Dinh 1i[2.2.1).

« Giai quyét trudng hop ham ¢(r) khong nhat thiét duong, ching t6i dua ra

dang nghiém chinh héa va dua ra ddnh gia sai s6 hoi tu (Pinh 1i[2.3.2).
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Chuong 3

BAI TOAN NGUQC CHO PHUONG TRINH KHUECH TAN PHI
TUYEN VOI PAO HAM CAP KHONG NGUYEN

Trong chuong nay, chiing t6i khao sat bai toan phi tuyén sau

—auy(x,t) = DVulx, t) + F(x, t,u(x, 1)), x>0, t>0,

N

u(l,n) =g(t), t=0, (3.1)

limy oo (x,t) = u(x,00=0, t=0.
Noi dung chinh ctia chuong 1a xét bai todn ngugc, tic 1a xac dinh u(0, ¢) khi biét

u(l1, ) = g(). Chuong nay géom hai két qua chinh.
+ Két qua thii nhat lién quan dén ham nguén dang
F(x,t,u) =b(x,Hu(x,t)+ H(x, 1), (3.2)

v6i b € L°(0,1; L2(R)) thoa 1Bl 00, 1:12m)) < K, VOi mdi s6 thuc K=0va H €

[2(0,1; L2(R)).

e Két qua chinh héa thithailién quan dén ham F: Rx[0,1]xR — R, théa F(x, t,0) =
0va
|F(x,t,u1) — F(x, t,up)| < Kluy — uy|, (3.3)
v6i hang s6 K > 0 khong phu thudc vao x, t, u;, up. Két qua clia chuong nay

dugc cong bb trén tap chi Computational and Applied Mathematics, (SCIE,
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Q2) [T2] va Electronic Journal of Differential Equations, (SCIE, Q2) [T3].
3.1 Dangnghiém ctia bai to4n phi tuyén

Dé tim cong thiic nghiém cho (3.1), ta phai stt dung bién déi Fourier. Chting toi
ma rong cac ham u(x, 1), g(#) trén todn mién —oo < < +oco bang cach dinh nghia
chiing bang 0 véi ¢ < 0. Bién déi Fourier clia ham f € L'(R) n L*(®) dugc viét nhu
sau

+o0 )
f@n:;%:f Fe @ ds,  —co<w< +oo. (3.4)
JT J—00

Léy bién doi Fourier theo ¢ ctia (3.1), ta dudc

it}(x,a))+%ﬂ(x,w):%ﬁ(x,w,u(x,w)), x>0, weR
\ 2(1,0) = g(w), w =0,
limy_ 4o U(x,w) =0, w =0,
trong do
(iw)Y = |w|¥ cos % + i|w|" sign(w) sin %, (3.5)

v6i sign(w) 1a dau clia w va F(x, , u(x,w)) cho béi

F(x,w, u(x,w)) = F(x, t,u(x,1)e “tds. (3.6)

1 +00
AV 27 nf—oo

Nghiém ctia bai toan (3.1I) dudc cho béi phuong trinh tich phan phi tuyén sau

iNY (1 —
(x,w) = exp (W)g(w)
1 PV (2 — X0
—lf exp(M)F(z,w,u(z,w))dz. (3.7)
aly a
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St dung bién doi Fourier ngudc, ta dugc

’ V21 J—oc0 a (3.8)
1! (zw)Y(z X) iwt
_—f exp (—)F(z w,u(z,w))dz|e™ dw.
a Jyx a

3.2 Tinh khong chinh ctia bai toan phi tuyén

Ta xét g, va Fy la cac ham véi bién do6i Fourier nhu sau:

0, if w e R\W,,,
gnlw) = 3.9)

1 .
E, lf(,l)EWn,

va
ati(z,w)

Fo(z,0, u(z,w) = , (3.10)
° 2exp(%|wlycos%)

vGi W,, cRva

Wp={weR n-1<sw<n+1}.

Xét phuong trinh tich phan sau

TNY (1 — .
v J- @ (3.11)

+00 y
a\/ﬂf f (zw) (- x))Fo(z W, Uy (z,w)) e dzdo.

un (x) t) =

Trudc tién, ching t6i chi ra (3.11) c¢6 duy nhat nghiém u, € C([0,1]; L>(R)). That
vay, chung t6i xét ham sau

n+l (fw)Y(1-x)

L

n\/_ n-1 P
+00 Y

a\/ﬁf f (zw) (- x))Fo(z w, w(z,w)e®dzdw.

Q(w)(x, 1) =

. ) iwtd
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Cho batky wy, w» € C([0,1]; L2(R)). Khi d6, ta c6

1Qwn) (x,) = Q(w2) (%, )72

= 10w (x,) = Qwa) (x, )2
1 +00

/..

AN

2

1 2
= Ellluq— wolll%,

1 exp (iw)V(z=x) P 2
f 1( a 7’)” (w1 — LUQ)dZ) dw
x exp(—IwIYcos =)

(lw) (z X))

exp (

IA

(u’/\l - ﬁ)\g)‘zdzdw

exp ( IwIVcos )

v6i ||| 1a chudn sup trong L2(R). Diéu nay cho thay Q 1a 4nh xa co. St dung dinh Iy

diém bat dong Banach, chiing ta két luan rang phuong trinh Q(w) = w c6 nghiém

duy nhét u, € C([0,1]; L2(R)). ST dung bat dﬁng thac |c—d| = |c| - |d|, ta dudc

|ty (x,0)| =

R ]

_)éfxl exp (%azx))ﬂ)(z w, Uy (z, a)))dz‘

Talaico
1 Y
lf exp(%azx))ﬂ)(z w, Uy(z, w))dz‘

al 1 (iw)Y(z—x)
SN e Pt

1 1
S—f |1, (z,w)|dz.
aJx
Két hop (3.12), (3.13) va diing bat dang thiic 2(c? + d?) = (¢ + d)?, ta dudc

iy(z,w)

1 2
ﬁn(z,w)‘ dz

2[un(x,0)|"+ —
a

X

2 2L
Sl (1 — AT 2
zexp(alwl (1-x)cos 2 )Ign(w)l .
Lﬁy tich phan trén R theo bién w, ta thu dugc

2 LY
X
n+1

Ve
253 - exp(zlwly(l—x)cos?) dw.
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V6i tinh toan don gian, ta c6 dudc

exp (2%(11 —1)Y(1 - x)cos %)

2 —
(2+—2) sup ||un(x,~)||iZ(R) > sup

as’o=x=<1 0=<x<l1 n?
exp (21 (n-1)"cosIF)
= nz .
Tur (3:9), stt dung dang thiic Parseval, ta thiy
2w = 180 (@) 72 = o= 3.14
Khi n — +00, dé dang thay rang
lgnll 2@ — O, sup |, (x, )l 2@ — +oo. (3.15)

0=<x<l1

Vi vay, bai toan (3.8) 1a khong chinh theo nghia Hadamard véi chuan 2.
3.3 Két qua chinh héa thi¥ nhat

Gia sti rang dit liéu do dac g, € L*(R) thoa
18a—8ll2w = . (3.16)

Trong phan nay, F thoa (3.2). Dé thay rang F théa diéu kién Lispchitz toan cuc,
nghia la

I F(x, - ur) = F(x, -, u2)ll p2 gy < Kllur (x,2) — 2 (%, )l 12(w)- (3.17)
Ta thay (iw)? c6 phan thuc duong ||” cos L*. Hon niia, dé thiy

n 1—x

Y (1 —
‘eXp(M)‘ = eXp(IwIVCOS(%)T), (3.18)

)Y (z —
a 2

Z_x) (3.19)

Tit d6, ta c6 nhan xét rang, v6i0<z< x < 1, exp((i“’)y%)

S (lw)y(z_x) « A
va ‘exp(T) tien
tGi oo khi w — +oo. D4y la nguyén nhan gy ra tinh khong chinh cta bai toan.
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Dé chinh héa bai todn, ching ta phai thay thé hai thanh phan exp (=% (iw)") va

exp (X (iw)7) bang nhiing thanh phan khac.

DPinh 1y 3.3.1. Gia su bai toan c6 nghiém duy nhdt u € C([0,1]; I2(R)) sao cho
I, 02w < E. (3.20)

Gid st rang 2K < a. Chon ¢ := e(a) > 0 théa man
éi_r%zz(a) =0, clzi—% ae Y (a) bi chdn. (3.21)

Khi do, ta thiét lap duoc mét nghiém chinh héa US sao cho

2(1+p)
1\K2
1—2(1+5)?

lu(x,) - Ug (x, Mrzw = \l (5_1a + lu(0, ‘)”LZ(R))EX; (3.22)

v6i moip > 1/ (% ~1). O ddy U® la ham ma bién doi Fourier ciia né théa

exp ((iw)”;l—x))

ﬁTJ‘(x,w) =
¢ 1+£exp(%|w|Ycos%)

8o (W)
(iw)Y(z—x))

1 fl exp (7
alJx 1+eexp(LlwlrcosLt)

F(z,0,U%(z,w))dz

i (3.23)
1 [x eexp(%lwl”cos%
5

aJo 1+£exp(%|w|7cosﬂ)

2

X exp F(z,0,U%(z,w))dz.

(iw)Y(z—x)
(lw az x)

Chi y 3.3.2. Trong dinh Iy trén, chiing ta c6 thé chon (a) := a.
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3.4 Két qua chinh héa thit hai

Ta xét bai toan chinh héa sau day

. (iw)’ — P(e,w) ~ a
(ud) x(x,w) + ug (x,w) = Fx,w,u; (x,0)), (x,w)¢€ (0,+00) x (0,+00),
1 u&(1,0) = P(e,0) §a(w), € (0,+00),
llm u d(x,w) = (x,w) € (0, +00) x (0, +00),

(3.24)
trong do e = e(a) 12 tham s6 chinh héa théa man lim () =0 va
a—

1

1+eexp (%M)VCOS %)

P(e,w) =

Bing phuong phép tuong tu, chiing t6i dua ra cong thiic cho nghiém ctia bai toan

nhu sau

eXp((za)) ;1 x))

\/2nf1+6exp Ia)IYcosY”)

ul (x, 1) = ga(w)ei‘“tda)

+oo 1 (zw) (z x))

exp .
F(z,w,u%(z,w)) e dzdw. (3.25)
a\/2ﬂ ff1+eexp IwIYcosY;) ¢

Bay gid, ta di dén két qua chinh clia bai toan.
Dinh ly 3.4.1. Bai todn c6 nghiém duy nhat u? € C([0,1]; I2(R)), trong do
khong gian C([0,1]; L2(R)) chifa cdc ham lién tuc u : [0,1] — L*(R). Gid st bai todn

B.1) c6 nghiém duy nhdt u € C([0,1]; I2(R)) thda
+00 2
f exp(glwlycos%[x) |Ti(x, w)|*dw < co. (3.26)

—0o0

Chon € := e(a) sao cho

lime=limea ' =0. (3.27)

a—0 a—0
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Khi do, ta co danh gia sau voi moi x € (0,1)

lu(x, ) — ug‘(x, I 2w

+00

3(1-x)%K? 2 1
<V3exp (%) Osup1 exp(;lwl%os%x) |T(x, w)2dw +e La | e*.
=X<
—0o0

(3.28)
3.5 Két luan chuong 3

Trong chuong nay, ching toi thiét 14p dang nghiém clia bai toan 3.1) va chiing

minh ring day 1a bai toan khéng chinh. Chiing t6i dua ra hai két qua chinh sau:

« Dung nghiém chinh héa dudc dinh nghia nhu (3.23), ta dua ra danh gia sai
s6 c6 bac Holder dang e*, x € (0,1] (Dinh 1i[3.3.1).

. Béng ki thuat mdi, chiing téi thiét 1ap bai toan chinh héa dugc cho nhu (3.24),
chiing minh ton tai duy nhat nghiém va sai s6 héi tu dudc cung cap trong

Dinh li
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KET LUAN CHUNG VA KIEN NGHI

I. Két luan chung

Trong luan an nay, ching t6i dua ra dudc cac két qua sau:

M6t la, khao sat toan xac dinh ham ngudn f cho mé hinh khuéch tan (2.1). V6i
ditliéu ¢(£) bi nhiéu, ching t6i xét ca hai trudng hgp ham ctia ham ¢(¢) 1a duong
trén doan [0,1] va khong nhat thiét duong. K&t qua danh gia sai s6 hoi tu dudc
dua ra trong tung truong hop.

Hai la, khao sat bai toan ngudc khong gian nhu (3.1), bang cac ki thuat phit hgp,
chiing t6i thiét 1ap hai dang nghiém chinh héa va (3.25), cac két qua vé tinh

ton tai duy nhét clia cac nghiém chinh héa, sai s6 hoi tu dudc cung cap.

Két qua chinh clia luan 4n da dugc cong bb trén ba bai bao quéc té cé uy tin

(01 SCIva 02 SCIE).

I1. Kién nghi
Trong thdi gian t6i chiing tdi sé nghién ciiu cac van dé sau:
1. Tiép tuc nghién ctu phuong trinh dao ham riéng ngudc thdoi gian v6i dao ham
cap khong nguyén.
2. Nghién cttu phuong trinh dao ham riéng véi dao ham cap khong nguyén cé
yéu tb ngau nhién.
3. Nghién ctiu cac bai toan phuong trinh dao ham riéng véi mot s6 loai dao ham
cap khong nguyén khac nhau.
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